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1 Introdution
Suppose that E is an ellipti urve dened over Q , and that p is a prime where E
has good ordinary redution. Under the assumption that E is modular, one an dene
nonnegative integers 
alg
E
; 
alg
E
; 
anal
E
, and 
anal
E
. The \algebrai" Iwasawa invariants 
alg
E
and

alg
E
are dened in terms of the struture of the p-primary subgroup Sel
E
(Q
1
)
p
of the Selmer
group for E over the ylotomi Z
p
-extension Q
1
of Q . The denition of the \analyti"
invariants 
anal
E
and 
anal
E
is in terms of the p-adi L-funtion for E onstruted by Mazur
and Swinnerton-Dyer [MSD74℄. We will reall these denitions below. Our purpose in this
artile is to prove in ertain ases that 
alg
E
= 
anal
E
= 0 and that 
alg
E
= 
anal
E
. These equalities,
together with a deep theorem of Kato, imply the main onjeture for E over Q
1
. In this
introdution, we will disuss the nature of our results and give an outline of the proofs for
the ase of modular ellipti urves. We want to point out, however, that the theorems proven
in the text apply to modular forms, as well as to ellipti urves with multipliative redution
at p. We will not attempt to state the most general versions here.
If K is any algebrai extension of Q , then the Selmer group for E over K is a ertain
subgroup of H
1
(G
K
; E(Q )
tors
), where G
K
= Gal (Q =K). The Selmer group ts into an exat
sequene
0! E(K)
 Q=Z ! Sel
E
(K)!X
E
(K)
where X
E
(K) denotes the Shafarevih-Tate group for E over K. Let K = Q
1
. Then
  = Gal (Q
1
=Q) ats on Sel
E
(Q
1
). Its p-primary subgroup Sel
E
(Q
1
)
p
(to whih we give
the disrete topology) an be regarded as a -module, where  = Z
p
[[ ℄℄ is the ompleted
group algebra for   over Z
p
. Kato has proven that Sel
E
(Q
1
)
p
is -otorsion, as Mazur
1
onjetured in [Maz72℄. That is, the Pontrjagin dual X
E
(Q
1
) of Sel
E
(Q
1
)
p
is a torsion
-module. It is an easy result that X
E
(Q
1
) is nitely generated as a -module, and so the
lassiation of nitely generated -modules asserts that one has a pseudo-isomorphism
X
E
(Q
1
) 

n
M
i=1
=(f
i
(T )
a
i
)

M

m
M
j=1
=(p

j
)

;
where one identies  with the formal power series ring Z
p
[[T ℄℄ in the usual way: T =   1,
where  is a xed topologial generator of  . The f
i
(T )'s are irreduible distinguished
polynomials in . The a
i
's and the 
j
's are positive integers. One an then dene the
algebrai Iwasawa invariants by

alg
E
=
n
X
i=1
a
i
deg(f
i
(T )); and 
alg
E
=
m
X
j=0

j
: (1)
For the formulation of the Main Conjeture, it is also neessary to dene the \harateristi
polynomial" for the -module X
E
(Q
1
); it is given by
f
alg
E
(T ) = p

alg
E

n
Y
i=1
f
i
(T )
a
i
: (2)
Thus p

alg
E
is the exat power of p dividing f
alg
E
(T ) in , and 
alg
E
= deg(f
alg
E
(T )).
One an also desribe 
alg
E
in the following group-theoreti way:
 
Sel
E
(Q
1
)
p

div

=
(Q
p
=Z
p
)

alg
E
:
To dedue this fat from the above denitions, one uses the fat that =(f(T )) is a free
Z
p
-module of rank equal to deg(f(T )), for any distinguished polynomial f(T ). The roots of
f
alg
E
(T ) (ounting multipliities) are the eigenvalues of    1 = T ating on the vetor spae
X
E
(Q
1
) 

Z
p
Q
p
, whih has dimension 
alg
E
. The invariant 
alg
E
an be quite large, as some
of our later examples and remarks will show. On the other hand, it is expeted that 
alg
E
is
usually zero. But this is not always the ase. Indeed, Mazur showed in [Maz72℄ that 
alg
E
an be positive for ertain E and p. Here are some of the known results onerning 
alg
E
:
A. Suppose that E
1
and E
2
are ellipti urves dened over Q . Let p be an odd prime where
E
1
and E
2
have good ordinary redution. Assume that E
1
[p℄

=
E
2
[p℄ as Galois modules.
Then Sel
E
1
(Q
1
)[p℄ is nite if and only if Sel
E
2
(Q
1
)[p℄ is nite. Consequently, if Sel
E
1
(Q
1
)
p
is -otorsion and 
alg
E
1
= 0, then Sel
E
2
(Q
1
)
p
is -otorsion and 
alg
E
2
= 0.
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B. Suppose that E is an ellipti urve over Q , and that p is an odd prime of good ordinary
redution. Assume that E admits a yli Q -isogeny of degree p
t
with kernel . Assume
that the ation of G
Q
on  is ramied at p and odd. (That is, the ation of an inertia group
I
p
is nontrivial, and the ation of omplex onjugation is by  1.) Then 
alg
E
 t.
C. Suppose that E is an ellipti urve dened over Q with good ordinary redution at an odd
prime p. Assume that E admits a Q -isogeny of degree p with kernel , and that the ation
of G
Q
on  is either ramied at p and even, or unramied at p and odd. Then 
alg
E
= 0.
The rst result is rather easy to prove, and an be generalized to ellipti urves over
any number eld K. Let K
1
= KQ
1
, the ylotomi Z
p
-extension of K. If E is an ellipti
urve over K, then Mazur onjetured that Sel
E
(K
1
) should be -otorsion. The only really
general result in this diretion is due to Kato, who showed that Sel
E
(K
1
)
p
is -otorsion if
E is dened over Q and is modular and K=Q is an abelian extension. The seond result an
be proven by using results of Poitou and Tate on the loal and global Euler harateristis
for the Galois ohomology of . It an also be generalized (with a rather more ompliated
statement) to any number eld K. The proof of the third result is based on the well-known
theorem of Ferrero and Washington on the vanishing of the lassial -invariant for abelian
extensions of Q . In this ase one an prove that the -invariant of Sel
E
(K
1
) vanishes if E
satises the hypotheses of C and if K is a totally real abelian number eld. One an nd a
rather thorough disussion of these results in [Gre99℄, where the ase p = 2 is also treated.
Also, the above results are valid if E has multipliative redution at p.
We now dene the analyti invariants. Suppose that E is a modular ellipti urve over
Q , and that p is a prime of good ordinary redution. For any Dirihlet harater , we let
L(E=Q ; ; s) denote the the Hasse-Weil L-series for E, twisted by the harater . Let 

E
denote the real Neron period for E. If  is even, then it is known that L(E=Q ; ; 1)=

E
2 Q ,
where we have xed an embedding of Q into C . We also x an embedding of Q into Q
p
.
Mazur and Swinnerton-Dyer have onstruted an element L (E=Q ; T ) 2  
 Q
p
satisfying
a ertain interpolation property whih we now desribe. Suppose that  2 Hom( ; 
p
1
)
is a harater of nite order. Sine  is a topologial generator of  ,  is determined by
() =  2 
p
1
. One an view  as a Dirihlet harater of p-power order and ondutor.
Assuming that  is nontrivial, its ondutor is of the form p
m
, and, assuming that p is odd,
 has order p
m 1
. Then L (E=Q ; T ) is haraterized by
L (E=Q ;    1) = (
 1
)  
 m
p

L(E=Q ; ; 1)


E
: (3)
where  runs over the set of all nontrivial haraters of  . Here (
 1
) denotes the usual
Gauss sum, and 
p
denotes the eigenvalue for Frobenius ating on the maximal (1-dimensional)
3
unramied quotient of the p-adi Tate module of E. Alternatively, 
p
is the unit solution of
the equations 
p

p
= p and 
p
+ 
p
= 1 + p   #
e
E(F
p
), where F
p
is the nite eld with p
elements and
e
E is the redution of E at p. The power series L (E=Q ; T ) is determined by
this property beause a nonzero element of 
Q
p
has only nitely many zeroes. Now a the-
orem of Rohrlih [Roh89℄ states that L(E=Q ; ; 1) 6= 0 for all but nitely many  of p-power
ondutor. Thus the element L (E=Q ; T ) is nonzero. Using the Weierstrass preparation
theorem, we dene the invariants 
anal
E
and 
anal
E
by writing
L (E=Q ; T ) = p

anal
E
 u(T )  f(T )
where f(T ) is a distinguished polynomial of degree 
anal
E
, and u(T ) is an invertible power
series. We dene f
anal
E
(T ) = p

anal
E
f(T ), where f(T ) is as above. One should have 
anal
p
 0.
That is, f
anal
E
(T ) should be in Z
p
[T ℄. This is known when E[p℄ is irreduible as a Galois
module and also when E[p℄ is reduible under ertain additional hypotheses. The integrality
of L (E=Q ; T ) is disussed in Theorem 3.7.
If p is odd, one an identify   with Gal (Q (
p
1
)=Q(
p
)). Let  denote the ylotomi
harater giving the ation of Gal (Q (
p
1
)=Q) on 
p
1
. We let  = j
 
, whih indues an
isomorphism  

=
1 + pZ
p
. Then the p-adi L-funtion L
p
(E=Q ; s) is dened by
L
p
(E=Q ; s) = L (E=Q ; ()
1 s
  1):
Even though the power seriesL (E=Q ; T ) depends on the hoie of , the funtion L
p
(E=Q ; s)
is independent of this hoie. Also, L
p
(E=Q ; 1) = L (E=Q ; 0), whih was not speied above.
If E has good redution at p, it turns out that one has
L
p
(E=Q ; 1) = L (E=Q ; 0) = (1  
 1
p
)
2
L(E=Q ; 1)


E
;
where 
p
is as above. Note that (1  
 1
p
) = (1  
p
p
 1
) is part of the Euler fator for p in
L(E=Q ; s), evaluated at s = 1. Now the Main Conjeture an be stated as follows:
Conjeture (1.1) (Mazur) We have f
alg
E
(T ) = f
anal
E
(T )
Obviously, this would imply that 
alg
E
= 
anal
E
, and that 
alg
E
= 
anal
E
. Kato has proven the
following weaker statement:
Theorem (1.2) (Kato) The polynomial f
alg
E
(T ) divides f
anal
E
(T ) in Q
p
[T ℄.
As a onsequene, it is lear that the equality 
alg
E
= 
anal
E
implies that f
alg
E
(T ) and f
anal
E
(T )
dier by multipliation by a power of p. The further equality 
alg
E
= 
anal
E
then implies the
Main Conjeture.
4
A proof of Kato's theorem in the form just stated (for modular ellipti urves with good,
ordinary redution at a prime p > 2) has been presented by Sholl and Rubin. (See [Sh98℄
and [Rub98℄.) A more general version is ontained in [Kat℄ whih applies also to usp forms
where p divides the level and of arbitrary weight. Under ertain hypotheses, Kato even
proves the divisibility in Z
p
[T ℄.
Our results may be stated as follows.
Theorem (1.3) Assume that E is a modular ellipti urve over Q , and that p is an odd
prime where E has good ordinary redution. Assume also that E admits a Q -isogeny of
degree p with kernel , and that the ation of G
Q
on  is either ramied at p and even, or
unramied at p and odd. Then 
alg
E
= 
anal
E
and 
alg
E
= 
anal
E
= 0.
Theorem (1.4) Assume that E
1
and E
2
are modular ellipti urves over Q . Let p be an
odd prime where E
1
and E
2
have good ordinary redution. Assume also that E
1
[p℄

=
E
2
[p℄
as Galois modules, and that these are irreduible. If the equalities 
alg
E
1
= 
anal
E
1
= 0 and

alg
E
1
= 
anal
E
1
hold, then so do the equalities 
alg
E
2
= 
anal
E
2
= 0 and 
alg
E
2
= 
anal
E
2
.
The set of primes where these theorems apply is rather limited. The hypotheses in
theorem (1.3) an hold only when p = 3; 5; 7; 13, or 37. However, for the rst four of these
primes, there are innitely many distint j-invariants j
E
whih an our. The hypotheses are
also preserved by even quadrati twists of ondutor prime to p. If one is willing to onsider
more general modular forms, then one an prove a similar theorem for any p dividing ertain
Bernoulli numbers.
As an illustrative example of theorem (1.3), take p = 5, and let J denote any of the
three nonisomorphi ellipti urves of ondutor 11. It is known that the G
Q
-module J [5℄ is
reduible and has omposition fators isomorphi to 
5
and Z=5Z as G
Q
-modules. Let  be
an odd quadrati harater suh that  (5) 6= 0, orresponding to the imaginary quadrati
eld Q (
p
 ), and let E = J
 
denote the assoiated quadrati twist. The urve E has
a yli Q -isogeny of degree 5 with kernel isomorphi to either 
5

  or (Z=5Z) 
  ,
so that theorem (1.3) learly applies. Thus 
alg
E
= 
anal
E
= 0, and, as we will later prove,

alg
E
= 
anal
E
= 2
 
+
 
, where 
 
denotes the lassial -invariant for the imaginary quadrati
eld Q(
p
 ) and for the prime p = 5, and 
 
= 0 if 11 is inert or ramied in this eld,

 
= 1 if 11 splits. There are examples (found by T. Fukuda) where 
 
is quite large. The
reord so far is 
 
= 10 for  = 3; 624; 233. In this ase 
anal
= 
alg
= 21. As we have
remarked above, the Main Conjeture is valid for E. Unfortunately, if E is a quadrati twist
of J by an even harater, we an prove very little. If J = X
0
(11), then both 
alg
E
and 
anal
E
are positive. If J is the urve 11C in Cremona [Cre92℄, then we would expet 
alg
E
and 
anal
E
to be equal to zero. We an prove neither equality. Even if this were true, we don't know
how to prove the equality 
alg
E
= 
anal
E
.
5
As an example for theorem (1.4), onsider the two ellipti urves
E
1
: y
2
= x
3
+ x  10; E
2
: y
2
= x
3
  584x+ 5444:
Then E
1
and E
2
are modular, and have ondutors 52 and 364 respetively. We will take
p = 5. We nd that E
1
[p℄

=
E
2
[p℄ by omparing the q-expansions of the assoiated modular
forms, and by observing that neither urve admits a rational 5-isogeny. Both urves have
good, ordinary redution at 5. Now one has L(E
1
=Q ; 1)=

E
1
= 1=2 2 Z

5
. Also, #
e
E
1
(F
5
) =
4, and 
5
 2 (mod 5Z
5
). Thus 1  
5
5
 1
= 1  
 1
5
6 0 (mod 5Z
5
), so that L (E
1
=Q ; T )
must be in 

. This means that f
anal
E
1
(T ) = 1 and 
anal
E
1
= 
anal
E
1
= 0. On the other hand,
a well-known result of Kolyvagin shows that Sel
E
1
(Q)
5
= 0. One an dedue from this fat
(together with the fats that #E
1
(F
5
) = 4, and that the Tamagawa fators 
2
= 1; 
3
= 2, are
all 5-adi units) that Sel
E
1
(Q
1
)
 
= 0. This implies that Sel
E
1
(Q
1
) = 0, and so f
alg
E
1
(T ) = 1,

alg
E
1
= 
alg
E
1
= 0. Thus the hypotheses of theorem (1.4) are satised, and we an onlude
that 
alg
E
2
= 
anal
E
2
= 0, and that 
alg
E
2
= 
anal
E
2
. The proof of Theorem (1.4) will show that 
alg
E
2
and 
anal
E
2
are both equal to 5. More preisely, it turns out that we have
0! E
2
(Q
1
)
 Q
5
=Z
5
! Sel
E
2
(Q
1
)
5
!X
E
2
(Q
1
)
5
! 0
with E
2
(Q
1
)
Q
5
=Z
5
= Q
5
=Z
5
andX
E
2
(Q
1
)
5
= (Q
5
=Z
5
)
4
: The Mordell-Weil group E
2
(Q)
has rank one, and the rst group above is just the image of E
2
(Q) 
 Q
5
=Z
5
under the
restrition map Sel
E
2
(Q )
5
! Sel
E
2
(Q
1
)
5
:
In [RS93℄, Rubin and Silverberg have shown that there are innitely many ellipti urves
E=Q suh that E[3℄ or E[5℄ has a given struture as G
Q
-modules (assuming that at least
one suh urve exists). They desribe the family of suh urves in terms of a rational
parametrization. In partiular, the urves E suh that E[5℄

=
E
1
[5℄, where E
1
is as above,
are given by
E : y
2
= x
3
+ a(t)x + b(t);
where a(t) and b(t) are expliitly speied polynomials over Q (of degree 20 and 30 respe-
tively) and t 2 Q satises (t) = 4a(t)
3
+27b(t)
2
6= 0. One an then verify that eah of these
urves is modular and has good ordinary redution at p = 5. Theorem (1.4) then implies
that 
anal
E
= 
alg
E
= 0, and that 
anal
E
= 
alg
E
. The Main Conjeture also holds for eah suh
E and p = 5. Interestingly, it an be shown that the -invariant is unbounded in the family.
We will now outline the struture of the proofs. Let E be an ellipti urve over Q and
let p be a prime of good ordinary redution for E. The Selmer group Sel
E
(Q
1
)
p
is dened
as the kernel of the following \global-to-loal" map
H
1
(Q

=Q
1
; E[p
1
℄)!
Y
`2
H
`
(Q
1
); (4)
6
where  denotes any nite set of primes ontaining p;1, and the primes of bad redution
for E. For eah nite prime ` 2 , the group H
`
(Q
1
) is dened by
H
`
(Q
1
) =
Y
j`
H
1
((Q
1
)

; E[p
1
℄)=im (

):
Here  runs over the nite set of plaes of Q
1
over `, and (Q
1
)

denotes the union of the
ompletions of the nite layers Q
n
at . Also, 

denotes the loal Kummer map


: E((Q
1
)

)
 Q
p
=Z
p
! H
1
((Q
1
)

; E[p
1
℄):
If ` =1 and p is odd, then we simply take H
`
(Q
1
) = 0. (A more areful denition would
be neessary if p = 2, espeially beause 1 splits ompletely in Q
1
=Q . We will not go into
this here.) For eah ` 2 , the group H
`
(Q
1
) is a onitely generated -module. The group
H
p
(Q
1
) has -orank 1. For ` 6= p, it an be shown that H
`
(Q
1
) is -otorsion, and has
-invariant 0. Its struture is not hard to study. A helpful and easily veried fat is that
E((Q
1
)

)
Q
p
=Z
p
= 0 when  is prime to p, so that the image of 

is zero. HeneH
`
(Q
1
) is
simply the produt
Q
j`
H
1
((Q
1
)

; E[p
1
℄): It turns out in fat that H
`
(Q
1
)

=
(Q
p
=Z
p
)

(`)
E
;
where 
(`)
E
is a non-negative integer whih is easily determined from the Euler fator for ` in
L(E=Q ; s). Let h
(`)
E
(T ) 2  denote the harateristi polynomial for the -module H
`
(Q
1
)b,
where the hat indiates the Pontrjagin dual. This polynomial has degree 
(`)
E
.
Let 
0
be any subset of  whih does not ontain p. We dene the orresponding \non-
primitive" Selmer group by
Sel

0
E
(Q
1
)
p
= ker
 
H
1
(Q

=Q
1
; E[p
1
℄)!
Y
`2 
0
H
`
(Q
1
)

:
This group will play a ruial role in our arguments. Its main advantage is that if 
0
is hosen to ontain all primes of bad redution, and if p is odd, then Sel

0
E
(Q
1
)
p
[p℄ is
determined ompletely by the G
Q
-module E[p℄. We will be more preise about this later.
Assuming that Sel
E
(Q
1
)
p
is -otorsion (whih has been proven by Kato when E is modular
and has good or multipliative redution at p), one an show that the map (4) dening the
Selmer group is surjetive. It follows that
Sel

0
E
(Q
1
)
p
= Sel
E
(Q
1
)
p

=
Y
`2
0
H
`
(Q
1
): (5)
Consequently, if we denote the harateristi polynomial of the -module Sel

0
E
(Q
1
)
p
b by
f
alg
E;
0
(T ), then we have
f
alg
E;
0
(T ) = f
alg
E
(T )
Y
`2
0
h
(`)
E
(T ); (6)
7
and the -invariant of Sel

0
E
(Q
1
)
p
, whih we denote by 
alg
E;
0
, is given by

alg
E;
0
= 
alg
E
+
X
`2
0

(`)
E
: (7)
As for the -invariant, it is obvious that 
alg
E
= 
alg
E;
0
. If 
alg
E
= 0, then, as we will explain
later, it turns out that Sel

0
E
(Q
1
)
p
is a divisible group if 
0
is hosen as above. In partiular,
Sel

0
E
(Q
1
)
p

=
(Q
p
=Z
p
)

alg
E;
0
;
and therefore we nd that 
alg
E;
0
= dim
F
p
(Sel

0
E
(Q
1
)
p
[p℄): As we mentioned above, Sel

0
E
(Q
1
)[p℄
is determined by the Galois module E[p℄ if 
0
is hosen suitably. Thus E[p℄ determines 
alg
E;
0
and we an then reover 
alg
E
from (7). Note that E[p℄ does not determine 
alg
E
. This is lear
from the example of E
1
and E
2
given previously.
There is a similar story for the p-adi L-funtions L
p
(E=Q ; s). We assume that E is
modular, and that it has good ordinary redution at p. Let 
0
again be any nite set of
primes not ontaining p. For any Dirihlet harater , we denote by L

0
(E=Q ; ; s) the
nonprimitive omplex L-funtion formed from L(E=Q ; ; s) by simply omitting the Euler
fators for the primes in 
0
. If ` is any prime, we denote the orresponding Euler fator by
P
`
(E=Q ; ; `
 s
), where
P
`
(E=Q ; ;X) = (1  (`)
`
X)(1  (`)
`
X);
for the usual quantities 
`
and 
`
. (Possibly one or both of 
l
, 
l
are zero.) Then
L

0
(E=Q ; ; s) = L(E=Q ; ; s)
Y
`2
0
P
`
(E=Q ; ; `
 s
):
It is easy to modify L (E=Q ; T ) to onstrut a nonprimitive p-adi L-funtion. We want to
dene an element L

0
(E=Q ; T ) 2 
 Q
p
by requiring that
L

0
(E=Q ;    1) = (
 1
)  
 m
p

L

0
(E=Q ; ; 1)


E
for eah nontrivial harater  2 Hom( ; 
p
1
), with the notation as in (3). For ` 2 
0
, let

`
denote the Frobenius automorphism for ` in   = Gal (Q
1
=Q). (Note that ` is unramied
in Q
1
=Q , sine ` 6= p.) Consider the element
P
`
= (1  
`
`
 1

`
)(1  
`
`
 1

`
) 2 Z
p
[[ ℄℄:
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We will write the element P
`
of Z
p
[[ ℄℄ as a power series P
`
(T ). To do this we replae 
`
by (1 + T )
f
`
, where f
`
2 Z
p
is determined by 
f
`
= 
`
. Sine (
`
) = (`) when  is viewed
as a Dirihlet harater, it follows that
P
`
(   1) = P
`
(E=Q ; ; `
 1
):
Thus we simply dene
L

0
(E=Q ; T ) = L (E=Q ; T )
Y
`2
0
P
`
(T ):
Note thatP
`
(T ) is a nonzero element of  whih is not divisible by p. We will show later that
P
`
(T ) generates the harateristi ideal of the moduleH
`
(Q
1
)b. If we dene the polynomial
f
anal
E;
0
(T ) in the same way as in the primitive ase, it follows that
f
anal
E;
0
(T ) = f
anal
E
(T )
Y
`2
0
h
(`)
E
(T ): (8)
The degree 
anal
E;
0
of f
anal
E;
0
(T ) is given by

anal
E;
0
= 
anal
E
+
X
`2
0

(`)
E
: (9)
One an also dene the -invariant 
anal
E;
0
in the obvious way. One learly has 
anal
E;
0
= 
anal
E
.
Combining the above observations with the previous onsiderations yields the following
result.
Theorem (1.5) Assume that E is a modular ellipti urve with good ordinary redution at
p. Let 
0
be any nite set of nonarhimedean primes not ontaining p. Then the following
equivalenes hold:
1. 
alg
E
= 
anal
E
() 
alg
E;
0
= 
anal
E;
0
2. 
alg
E
= 
anal
E
() 
alg
E;
0
= 
anal
E;
0
.
3. f
alg
E
(T ) = f
anal
E
(T ) () f
alg
E;
0
(T ) = f
anal
E;
0
(T ).
This theorem is ruial to our arguments beause it is only the nonprimitive p-adi L-
funtions and the nonprimitive Selmer groups orresponding to a suitable hoie of the set

0
whih behave well under ongruenes. The observation that a \main onjeture" should
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be equivalent to a nonprimitive analogue is an old one. In the ontext of lassial Iwasawa
theory (involving Kubota-Leopoldt p-adi L-funtions) suh an equivalene was proved in
[Gre77℄
Now we an desribe the proof of Theorem (1.4). Suppose that E
1
and E
2
satisfy the
stated onditions. By theorem (1.5), we have 
alg
E
1
;
0
= 
anal
E
1
;
0
. Choose  to be a nite set
of primes ontaining p;1, and all primes where either E
1
or E
2
has bad redution. Let

0
=    fp;1g. We are assuming that p is odd and that E
1
[p℄

=
E
2
[p℄. Sine 
alg
E
1
= 0,
it follows that 
alg
E
1
;
0
= 0, and that Sel

0
E
1
(Q
1
)
p
[p℄ is nite. Thus Sel

0
E
2
(Q
1
)[p℄ is nite too,
whih implies that 
alg
E
2
;
0
= 
alg
E
2
= 0. We obtain the equality of 
alg
E
1
;
0
and 
alg
E
2
;
0
, sine,
as remarked earlier, these now depend only on E
1
[p℄

=
E
2
[p℄. The analogous results for the
analyti invariants are proved by a theory of ongruenes for L-funtions. More preisely,
we show that
L

0
(E
1
=Q ; T )  u L

0
(E
2
=Q ; T ) (mod p); (10)
where u 2 Z

p
. Sine the vanishing of 
anal
E
1
implies the vanishing of 
anal
E
1
;
0
, we see that

anal
E
2
;
0
and 
anal
E
2
vanish as well. It is then lear that the degrees of f
anal
E
1
;
0
(T ) and f
anal
E
2
;
0
(T )
oinide. Here we use the fat that if L (T ) 2  is any power series suh that p - L (T ),
then L (T ) = u(T )  f(T ) where f(T ) is a distinguished polynomial, u(T ) is in 

, and the
degree of f(T ) is determined by the image of L (T ) in =p. Thus we obtain the following
equalities:

alg
E
2
;
0
= 
alg
E
1
;
0
= 
anal
E
1
;
0
= 
anal
E
2
;
0
:
Then by theorem (1.5) we obtain 
alg
E
2
= 
anal
E
2
as stated in theorem (1.4).
Now assume that E satises the hypotheses of Theorem (1.3). Then there is an exat
sequene
0! ! E[p℄! 	! 0 (11)
of G
Q
-modules, where  and 	 are yli of order p. Let ' and  denote the orresponding
F

p
-valued haraters of G
Q
. We may view these as taking values in Z

p
, and then we have
' = !, where ! is the usual Teihmuller harater. Replaing E by an isogenous ellipti
urve if neessary (whih turns out not to aet any of the Iwasawa invariants), we may
assume that ' is ramied at p and even, so that  is unramied at p and odd. Consider
the G
Q
-modules C = 
p
1

  
 1
and D = (Q
p
=Z
p
) 
  . Eah is isomorphi to Q
p
=Z
p
as a
group, and we have  = C[p℄ and 	 = D[p℄. Classial Iwasawa theory, whih involves the
study of ertain natural Galois groups regarded as -modules, an be reformulated in terms
of ertain subgroups S
C
(Q
1
) and S
D
(Q
1
) (whih we also refer to as \Selmer groups") of
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the Galois ohomology groups H
1
(Q
1
; C) and H
1
(Q
1
; D) respetively. The lassial Main
Conjeture (whih was proven by Mazur and Wiles) gives a preise onnetion between the
struture of these Selmer groups and the p-adi L-funtions attahed to C and D. These
p-adi L-funtions are essentially the Kubota-Leopoldt p-adi L-funtions, and are dened
by elements L (C; T ) and L (D; T ) of  satisfying a ertain interpolation property. These
power series are losely related: we have L (C; T ) = L (D; T

), where T

= (1 + T )
 1
  1.
(The ring  has a natural involution  indued by  ! 
 1
.) The Ferrero-Washington
theorem asserts that the -invariants of these power series as well as those of the -modules
S
C
(Q
1
)
b
and S
D
(Q
1
)
b
are all equal to zero. The orresponding analyti -invariants are
equal: 
anal
C
= 
anal
D
. Furthermore, one has S
C
(Q
1
)

=
S
D
(Q
1
)

as -modules, where the 
indiates hanging of the -module struture by the involution . Thus we get 
alg
C
= 
alg
D
.
The main onjeture for C and D shows that 
anal
C
= 
alg
C
= 
alg
D
= 
anal
D
. The analogue
of theorem (1.5) is also valid. Let 
0
be any set of primes not ontaining p. One an
dene non-primitive Selmer groups as before, as well as non-primitive p-adi L-funtions.
The -invariants will still be zero, and the equality 
anal
C
= 
alg
C
implies 
anal
C;
0
= 
alg
C;
0
. The
orresponding statement also holds for D. However, one does not usually have 
C;
0
= 
D;
0
.
Suppose now that  is a nite set of primes ontaining p;1, and the primes of bad
redution for E. Let 
0
=    fp;1g. The exat sequene relating E[p℄ to  and 	 will
then allow us to prove that 
alg
E
= 0 (as a onsequene of the Ferrero-Washington theorem)
and that 
alg
E;
0
= 
alg
C;
0
+ 
alg
D;
0
. As for the analyti side, we will use (11) to produe the
ongruene
L

0
(E=Q ; T )  uL

0
(C; T ) L

0
(D; T ) (mod p); (12)
where u 2 Z

p
. The Ferrero-Washington theorem again shows that 
anal
E
= 
anal
E;
0
= 0 and
the above ongruene then implies that 
anal
E;
0
= 
anal
C;
0
+ 
anal
D;
0
. We onlude from the Main
Conjeture for C and D that 
alg
E;
0
= 
anal
E;
0
. The equality 
alg
E
= 
anal
E
is then a onsequene
of theorem (1.5).
We want to briey desribe the tehnique used to produe ongruenes between p-adi
L-funtions as in (10) and (12). The basi idea goes bak to fundamental work of Mazur (see
[Maz77℄ and [Maz79℄), where it was made lear that ongruenes between analyti L-values
ould be studied using the Heke-module struture of the ohomology of modular urves.
It turns out that what one needs is a ertain \multipliity-one" result for this ohomology,
and this was subsequently provided by work of Mazur, Ribet, Wiles, and others. The result
(10) was essentially proven in [Vat97℄, where multipliity-one was used to dene anonial
periods assoiated to modular forms. The result (12) has its origins in the paper [Maz79℄,
where the ase J
0
(N) was treated, when N is a prime. In partiular, Mazur onsidered the
urve E = X
0
(11). His key idea was that the exat sequene (11) may be viewed as giving a
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ongruene between the weight 2 modular form assoiated to E and a ertain Eisenstein series
G(z) whose assoiated Dirihlet series L(G; s) is given by L(G; s) = L( ; s) L('!
 1
; s  1).
The ongruene (12) is the translation of this fat into the setting of L-funtions: the L-
funtion of E is ongruent to the L-funtion of G(z). This idea of Mazur was subsequently
generalized by Stevens to arbitrary level in [Ste82℄, but Stevens' result was subjet to ertain
unveried hypotheses (see [Ste82℄, page 109, and Se. 4.2.) These restritions were replaed
by similar (but easily veried) onditions in [Vat97℄. For the purposes of this paper, we
have to go still further and analyze the \anonial periods" assoiated to modular forms in
[Vat97℄. When the modular form f orresponds to an ellipti urve E, we show that the
anonial periods of f are essentially the Neron periods of a ertain urve (the optimal urve)
in the isogeny lass of E.
Fundamental to this approah is the fat that the ongruenes (10) and (12) involve
the nonprimitive L-funtions L

0
( ; T ). This is the analyti ounterpart of the fat that
the Galois module E[p℄ determines only the nonprimitive Selmer group. Consider the rst
ongruene (10). Thus x two ellipti urves E
i
=Q ; i = 1; 2, together with an isomorphism
E
1
[p℄

=
E
2
[p℄ of (irreduible) Galois modules. Let f
i
(z) denote the newform of level N
i
orresponding to E
i
. We assume that (N
i
; p) = 1, and that the E
i
have ordinary redution
at p. Let 
0
denote the set of primes dividing N
1
N
2
. Our hypothesis E
1
[p℄

=
E
2
[p℄ implies
that if f
i
(z) =
P
a
i
(n)q
n
, then we have the ongruene a
1
(n)  a
2
(n) (mod p) for all n with
(n;N
1
N
2
) = 1. Let
g
i
(z) =
X
(n;N
1
N
2
)=1
a
i
(n)q
n
=
X
n1
b
i
(n)q
n
:
We then have L(g
i
; s) = b
i
(n)n
 s
= L

0
(E
i
=Q ; s). Furthermore, there exists an integer M ,
divisible only by the primes in 
0
, suh that eah g
i
is a modular form of levelM and weight
2, an eigenform for all the Heke operators T
l
, U
q
. Hene there are ring homomorphisms

i
: T ! Z suh that 
i
(T
l
) = b
i
(l) for l 62 
0
and 
i
(U
q
) = 0 for all q 2 
0
, where
T = Z[T
l
; U
q
℄ is the Heke algebra of level M , weight 2. We have 
1
(T )  
2
(T ) (mod p) for
all T 2 T and therefore there is a unique maximal ideal m of T ontaining ker (
1
), ker (
2
)
and p. The residue eld T=m is just F
p
. Thus T
l
 b
1
(l)  b
2
(l) (mod m) for all l =2 
0
and
U
q
 0 (mod m) for q 2 
0
.
Let T
m
denote the ompletion of T at m, whih is a diret fator in the semiloal Z
p
-
algebra T

Z
Z
p
. Thus T
m
is a free Z
p
-module of nite rank and the hypothesis that E
i
[p℄
is irreduible implies that T
m
is Gorenstein. (This is orollary 2 of theorem 2.1 in [Wil95℄.
Earlier versions of the Gorenstein property for Heke rings were proved by Mazur, Ribet,
Edixhoven and others. Wiles' version is the most general. Equivalently, H
1
(X
1
(M);Z)

m
is a free T
m
-module of rank 1. Here H
1
(X
1
(M);Z) is the usual Betti ohomology of the
modular urve X
1
(M) with oeÆients in Z. The supersript  indiates the eigenspaes
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for the ation of omplex onjugation, and the subsript m denotes the m-adi ompletion
with respet to the natural struture as a T-module.
Let S
2
( 
1
(M);Z) denote the usp forms of weight 2 for  
1
(M) with Fourier oeÆients
in Z. It is known that S
2
( 
1
(M);Z) an be identied with Hom(T;Z) as T-modules (DI95,
proposition 12.4.1). Thus, S
2
( 
1
(M);Z)
m

=
Hom(T
m
;Z
p
) and the Gorenstein property
of T
m
states that Hom(T
m
;Z
p
) is isomorphi to T
m
. Hene S
2
( 
1
(M);Z)
m
is also a free
T
m
-module of rank 1 and so there are isomorphisms


: S
2
( 
1
(M);Z)
m

 !H
1
(X
1
(M);Z)

m
;
whih are equivariant for the ation of T
m
.
To prove the ongruene (10), it suÆes to show that
L

0
(E
1
=Q ;    1)  uL

0
(E
2
=Q ;    1) (mod pZ
p
[℄)
for all p-power roots of unity  and for some u 2 Z


independent of . This is lear
beause if G (T ) = 
j
T
j
2  is not divisble by p and if 

is the rst unit oeÆient, then
G (   1) and (   1)

have the same valuation when  has suÆiently large order. Applying
this to G (T ) = L

0
(E
1
=Q ; T )   uL

0
(E
2
=Q ; T ), it follows that G (T )  0 (mod p).
Now, as is well-known, one an obtain the values (
 1
)L(E
i
=Q ; ; 1) from the dierential
forms !
i
(z)

= (g
i
(z)dz)

2 H
1
(X
1
(M); C )

(by integration along paths joining the usps
of X
1
(M)(C ) and forming ertain linear ombinations). Sine E
1
[p℄

=
E
2
[p℄ implies that

p
(E
1
)  
p
(E
2
) (mod pZ
p
), it is enough to prove a ongruene for values of integrals
involving !
i
(z)

=


E
i
2 H
1
(X
1
(M);Q )

, where 


E
i
denotes the real or imaginary Neron
period for E
i
. On the other hand, we an dene oyles Æ

i
= 

(g
i
) 2 H
1
(X
1
(M);Z)

m
and we learly have Æ

1
 Æ

2
(mod p). (This means that we have a ongruene modulo
pH
1
(X
1
(M);Z)

m
. We use similar notation elsewhere.) Now Æ

i
must be a rational multiple
of !
i
(z)

=


E
i
. To establish the ongruenes involving L (E
i
=Q ;    1), the key result that
we need is that there exist p-adi units u

i
suh that
Æ

i
=
!
i
(z)

u

i



E
i
:
This is the main result of setion 3.
There is an analogous explanation for the ongruene (12). But the argument is slightly
more deliate in this ase, as the Gorenstein property is unknown in general. To x notation,
let E=Q denote an ellipti urve, with orresponding newform f =
P
a
n
q
n
of level N .
Assume that there exists an exat sequene of Gal (Q =Q)-modules
0! ! E[p℄! 	! 0
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where Gal (Q =Q) ats on  and 	 by abelian haraters ' and  respetively. We assume
that the harater  is odd and unramied. (The ase where  is even and ramied is
similar). Let 
0
denote the set of primes dividing N , and let g =
P
(n;N)=1
a
n
q
n
=
P
b
n
q
n
.
Then g is an eigenform for all the Heke operators of a suitable level M , and we have
L(g; s) = L

0
(f; s). We let m denote the maximal ideal of harateristi p determined by g
in the Heke ring T of level M . Under these hypotheses, it is known that there exists an
isomorphism
 : S
2
( 
1
(M);Z
p
)
m

=
H
1
(X
1
(M);Z
p
)
+
m
:
We dene a anonial oyle Æ
g
= (g) 2 H
1
(X
1
(M);Z
p
)
+
. As before, it an be shown that
we have
Æ
g
=
(g(z)dz)
+
u  

+
E
where 

+
E
denotes the real Neron period for E, and u is a p-adi unit. We remark here that
although E belongs to a nontrivial lass of p-isogenous urves, the oyle Æ
g
depends only
on g, and is independent of the hoie of E in the isogeny lass. The unit u may depend on
the hoie of E. Impliit in the equality displayed above is the statement that the period


E
is an invariant of the isogeny lass, up to p-adi unit.
Now let G(z) =
P

n
q
n
denote the Eisenstein series with L-funtion given by
P

n
n
 s
=
L

0
( ; s) L

0
( 
 1
; s 1). Then we have the ongruene 
n
 b
n
(mod p), for n  1. Mazur
and Stevens have shown how to onstrut an Eisenstein oyle Æ
G
2 H
1
(X
1
(M); F
p
)
+
[m℄,
assoiated to G. Here F
p
denotes the nite eld with p elements and H
1
(X
1
(M); F
p
)
+
[m℄
denotes the kernel of m ating on the Betti ohomology of X
1
(M), with oeÆients in F
p
(see [Maz79℄ and [Ste82℄). The proof that the Eisenstein oyle Æ
G
is nonzero is based on
a deep theorem of Washington [Was78℄.
On the other hand, if we write Æ
g
for the redution of the oyle Æ
g
, then learly we have
Æ
g
2 H
1
(X
1
(M); F
p
)
+
[m℄. It turns out that Æ
g
is nonzero. Now, the q-expansion priniple
implies that H
1
(X
1
(M); F
p
)
+
[m℄ is a 1-dimensional vetor spae over F
p
. This is the ruial
part of Mazur's original argument, for it implies that the oyles Æ
g
and Æ
G
oinide up to a
fator in F

p
. This is enough to imply the ongruene (12), in view of Stevens' alulation (via
Dedekind sums) of the speial values of the modular symbol assoiated to Æ
G
(see [Ste82℄,
Chapter 3).
In the following setions, we will ll in the details of the arguments outlined above. On
the algebrai side, one very helpful fat is that the Selmer group Sel
E
(Q
1
)
p
has a desription
whih involves just the Galois module struture of E[p
1
℄. If E has good, ordinary redution
at p, then Sel
E
(Q
1
)
p
oinides with the Selmer group Sel
E[p
1
℄
(Q
1
) onsidered in [Gre89℄.
This simplies the study of Sel
E
(Q
1
)[p℄ and is the basis for our proofs. Our results make
sense in a rather general ontext { that of Selmer groups attahed to modular forms. We
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will give the arguments in this more general setting. In partiular, we will treat the ase
where E has multipliative redution at p. If E has nonsplit multipliative redution at p,
then the arguments desribed in the introdution go through almost unhanged. However,
if E has split multipliative at p, then there is an interesting dierene: Sel
E
(Q
1
)
p
oinides
with the \strit" Selmer group onsidered in [Gre89℄. But S
E[p
1
℄
(Q
1
) is atually bigger.
This orresponds to the fat that the assoiated p-adi L-funtion has a trivial zero. It is
only when the trivial zero is inluded that our approah proeeds smoothly.
On the analyti side, the ase of multipliative redution does not introdue any serious
problems. The only diÆulty appears in the omparison of the anonial periods and the
Neron periods, where one has to generalize a theorem of Mazur (onerning the \Manin
onstant" of a strong Weil parametrization of an ellipti urve by X
0
(N)) to the ase of
parametrizations by X
1
(N). This is mildly tehnial, as the redution to harateristi p
of X
1
(N) an be quite ompliated even when N is divisible only by the rst power of p,
and Mazur's original argument does not generalize diretly. Even though it is not stritly
neessary, we have hosen parametrizations of ellipti urves by X
1
(N), rather than the
more ustomary X
0
(N). The reason for this is onneted to the behaviour of the p-adi L-
funtions under isogeny, and may be briey desribed as follows. In the setting of Theorem
(1.3), the ellipti urve orresponds to a nontrivial isogeny lass A. For the purposes of the
proofs, one is fored to selet a good representative of the lass in question. The orret
urve to use turns out to be the so-alled optimal urve E
opt
onsidered by Stevens in his
paper [Ste89℄. This urve is singled out by the requirement that there exist an embedding
E
opt
,! J
1
(N), for the Jaobian variety J
1
(N) of X
1
(N). It seems that E
opt
rather than
any other (the strong Weil urve in A might be another andidate) is the \orret" urve
to use when questions of integrality and ongruene are as issue, as the assoiated lattie
of Neron periods is onjetured to be \minimal" in a ertain preise sense. Furthermore,
parametrizations by X
1
(N) enjoy a ertain universality property (see [Ste89℄, Theorem 1.9).
Stevens has even onjetured that the optimal urve is haraterized by internal rather than
modular onsiderations. Namely, he onjetures that E
opt
is the urve in A of minimal
Faltings-Parshin height. We will in fat need some of the results of Stevens in our proofs
of Lemma (3.6) and Corollary (3.8). However, we will not attempt to disuss the work of
Stevens here. The reader will nd a detailed aount in the introdution of [Ste89℄. (See
also Remark (3.9) below.) Here we will ontent ourselves with a desription of the situation
when A is the isogeny lass onsisting of the three nonisomorphi urves of ondutor 11.
(This example was already mentioned above). In this ase, the strong Weil urve is X
0
(11).
As we have already remarked, the -invariant of X
0
(11) is positive. The optimal urve is
X
1
(11), and it turns out that the -invariant vanishes. In view of Theorem 2.1 in [Ste85℄,
one ould even onjeture in general that the -invariant vanishes for the optimal urve in
an isogeny lass.
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2 Non-primitive Selmer groups
We will onsider Selmer groups in a more general ontext than we atually need. Let  be
a nite set of primes of Q ontaining p and 1. Suppose that Gal (Q

=Q ) ats ontinuously
and linearly on a vetor spae V
p
over a eld F
p
. We assume that d = dim
F
p
(V
p
) < 1 and
that F
p
is a nite extension of Q
p
. Let O denote the ring of integers of F
p
. Let T
p
be a
Gal (Q

=Q)-invariant O-lattie in V
p
. Then A = V
p
=T
p
is a disrete Gal (Q

=Q)-module
whih is isomorphi to (F
p
=O)
d
as an O-module. If d

denotes the dimension of the (1)-
eigenspaes for a omplex onjugation, then d = d
+
+ d
 
. Fix an embedding Q ! Q
p
. We
an then identify G
Q
p
with a deomposition group for some prime of Q over p. We will
assume that V
p
ontains an F
p
-subspae W
p
of dimension d
+
whih is invariant under the
ation of G
Q
p
. Let C denote the image of W
p
in A under the anonial map V
p
! A, and
let D = A=C.
The Selmer group S
A
(Q
1
) is dened by
S
A
(Q
1
) = ker

H
1
(Q

=Q
1
; A)!
Y
`2
H
`
(Q
1
; A)

where H
`
(Q
1
; A) is dened as follows. If ` 6= p, we simply let
H
`
(Q
1
; A) =
Y
j`
H
1
((Q
1
)

; A):
The produt is over the nite set of primes  of Q
1
lying over `. There is unique prime 
p
of Q
1
lying over p. Let I

p
denote the inertia subgroup of G
(Q
1
)

p
. We dene
H
p
(Q
1
; A) = H
1
((Q
1
)

p
; A)=L

p
where
L

p
= ker
 
H
1
((Q
1
)

p
; A)! H
1
(I

p
; D)

:
Thus if  is a 1-oyle of Gal (Q

=Q
1
) with values in A, then its lass [℄ is in S
A
(Q
1
) if
and only if [j
I

p
℄ is in the image of the map H
1
(I

p
; C)! H
1
(I

p
; A) and [j
G
(Q
1
)

℄ = 0 for
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all j`; ` 2  with ` 6= p. Let I

denote the inertia subgroup of G
(Q
1
)

. Then G
(Q
1
)

=I

has
pronite degree prime to p. So the last ondition is equivalent to [j
I

℄ = 0 for j`; ` 2 ,
and ` 6= p. It is not hard to see that S
A
(Q
1
) is independent of the hoie of  (as long as
A is a Gal (Q

=Q)-module and p;1 2 ).
Now the groups H
1
(Q

=Q
1
; A), H
2
(Q

=Q
1
; A), H
`
(Q
1
; A), and S
A
(Q
1
) are disrete
O-modules with a natural ation of   = Gal (Q
1
=Q). Regarding them as -modules, where
 = O[[ ℄℄, they are known to be onitely generated. Using the results in setions 3 and 4
of [Gre89℄, one an easily verify the following statements:
1. Corank

(H
1
(Q

=Q
1
; A)) = d
 
+ Corank

(H
2
(Q

=Q
1
; A)).
2. Corank

(H
p
(Q
1
)) = d
 
.
3. Corank

(H
`
(Q
1
)) = 0 if ` 6= p.
In our results, we will generally assume that S
A
(Q
1
) is -otorsion. This learly implies
that H
1
(Q

=Q
1
; A) has -orank d
 
, that H
2
(Q

=Q
1
; A) is -otorsion, and that the
okernel of the map
 : H
1
(Q

=Q
1
; A)!
Y
`2
H
`
(Q
1
; A)
is -otorsion. Assuming that p is odd, Proposition 4 of [Gre89℄ would then imply that
H
2
(Q

=Q
1
; A) = 0. (If p = 2 one would only get that H
2
(Q

=Q ; A) has exponent 2.) As for
the okernel of , the following result is ruial. Although proofs an be found elsewhere, we
sketh a proof based on a generalization of a theorem of Cassels. We let A

= Hom(T
p
; 
p
1
),
whih is also a disrete O-module with an ation of Gal (Q

=Q).
Proposition (2.1) Assume that S
A
(Q
1
) is -otorsion and that H
0
(Q
1
; A

) is nite.
Then  is surjetive.
Proof. It is enough to prove that oker() is nite. The result would then follow beause
the Galois group G
(Q
1
)

has p-ohomologial dimension 1 for any prime  of Q
1
and so
H
`
(Q
1
) is a divisible group for eah l. Now let  :  ! 1+ pZ
p
be an isomorphism. For any
t 2 Z, we let A
t
= A 
 
t
, whih is another Gal (Q

=Q)-module. We an dene a Selmer
group S
A
t
(Q
1
) just as before. (For the loal ondition at 
p
, one uses the G
Q
p
-invariant
submodule C
t
= C

t
of A
t
and the orresponding quotient D
t
= A
t
=C
t
.) S
A
t
(Q
1
) is then
the kernel of the map

t
: H
1
(Q

=Q
1
; A
t
)!
Y
`2
H
`
(Q
1
; A
t
):
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Clearly A
t

=
A as Gal (Q

=Q
1
)-modules and so it will suÆe to show that oker(
t
) is
nite for at least one hoie of t. We will do this by studying the okernels of analogous
\global-to-loal" maps dened for the elds Q
n
= Q
 
n
1
for all n  0. Here  
n
=  
p
n
, Q
n
is a
yli extension of Q of degree p
n
, and Q
1
= [
n
Q
n
. Several requirements will be imposed
on t in the ourse of the proof. Two of the requirements are: (i) (S
A
(Q
1
) 
 
t
)
 
n
is nite
for all n  0, (ii) (A(Q
1
) 
 
t
)
 
n
is nite for all n  0. Sine S
A
(Q
1
) is assumed to be
-otorsion, it is easy to see that (i) is satised for all but nitely many values of t. The
same is true for (ii) beause A(Q
1
) = H
0
(Q
1
; A) is obviously -otorsion too.
Let n and t be xed. We assume that t satises the above requirements (i) and (ii). For
brevity, we let M = A
t
, N = C
t
, and K = Q
n
. We dene a Selmer group S
M
(K) by
S
M
(K) = ker
 
H
1
(Q

=K;M)! P
M
(K)=L
M
(K)

:
Here P
M
(K) =
Q

H
1
(K

;M), where  runs over the primes of K lying over those in , and
L
M
(K) =
Q

L

with L

= 0 if  - p and L

= ker (H
1
(K

;M)! H
1
(K

;M=N)) for the
unique prime  of K over p. It is easy to verify that the image of S
M
(K) under the restrition
map H
1
(Q
n
;M) ! H
1
(Q
1
;M) is ontained in S
A
t
(Q
1
)
 
n
. We an identify S
A
t
(Q
1
) with
S
A
(Q
1
) 
 
t
as -modules, and so (i) implies that S
A
t
(Q
1
)
 
n
is nite. The kernel of
the restrition map is H
1
( 
n
;M
G
Q
1
). This has the same O-orank as H
0
( 
n
;M
G
Q
1
) =
(A(Q
1
)
 
t
)
 
n
, and so the kernel of the restrition map is nite by (ii). Thus S
M
(K) will
be nite.
Now we will use the global duality theorems of Poitou and Tate. Let U = Hom(M;
p
1
),
whih is a Gal (Q

=Q)-module isomorphi toO
d
as anO-module. If P
U
(K) =
Q

H
1
(K

; U),
then loal duality gives a perfet pairing
P
M
(K) P
U
(K)! Q
p
=Z
p
: (13)
We let L
U
(K) denote the orthogonal omplement of L
M
(K) under the pairing (13). Then
L
U
(K) =
Q

L
?

, where L
?

is the orthogonal omplement of L

under the loal duality
theorem for K

. Note that if  - p, then L
?

= H
1
(K

; U). Furthermore, let G
M
(K) and
G
U
(K) denote the images of the maps
 : H
1
(Q

=K;M)! P
M
(K) and  : H
1
(Q

=K; U)! P
U
(K)
respetively. Sine S
M
(K) = 
 1
(L
M
(K)) is nite, it follows that G
M
(K)\L
M
(K) is nite.
Also, the global duality theorems assert thatG
M
(K) andG
U
(K) are orthogonal omplements
under (13). Thus the okernel of the map
H
1
(Q

=K;M)! P
M
(K)=L
M
(K) (14)
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is P
M
(K)=G
M
(K)L
M
(K) and this group is the Pontryagin dual of G
U
(K) \ L
U
(K).
The Euler harateristi for the Gal (Q

=K)-module M is
2
X
i=0
( 1)
i
orank
O
(H
i
(Q

=K;M)) =  d
 
p
n
sine K = Q
n
is totally real and [Q
n
: Q ℄ = p
n
. Hene the O-orank of H
1
(Q

=K;M) is
at least d
 
p
n
. On the other hand, if we exlude nitely many more values of t, then we
an easily arrange for P
M
(K)=L
M
(K) to have O-orank equal to orank
O
(M=N)p
n
= d
 
p
n
.
This is aomplished by making H
0
(K

;M), H
2
(K

;M) nite for all jl, l 2 , l 6= p and
H
0
(K

;M=N), H
2
(K

;M=N) nite for the unique prime  lying over p. Suh a hoie of t
is possible sine j
G
Q
l
has innite order for eah ` in the nite set . Sine S
M
(K) is nite,
it now follows that the O-orank of H
1
(Q

=K;M) is exatly d
 
p
n
and that the okernel of
the map (14) is nite. Thus G
U
(K) \ L
U
(K) is a nite subgroup of P
U
(K). It also follows
that H
2
(Q

=K;M) is nite (and even 0 if p is odd, sine M is O-divisible).
Let S
U
(K) = 
 1
(L
U
(K)). Let R
1
U
(K) = ker(). By Poitou-Tate duality, R
1
U
(K)
is the Pontryagin dual of R
2
M
(K) = ker (H
2
(Q

=K;M) ! 

H
2
(K

;M)). But this last
group is learly nite and so R
1
U
(K) is also nite (even 0 if p is odd). Sine (S
U
(K)) =
G
U
(K) \ L
U
(K) is nite, it follows that S
U
(K) is a nite subgroup of H
1
(Q

=K; U). That
is, S
U
(K)  H
1
(Q

=K; U)
tors
. We will show that
#H
1
(Q

=K; U)
tors
 #H
0
(Q
1
; A

);
a bound independent of n. It will then follow that #(G
U
(K)\L
U
(K)) is bounded as n!1,
and hene so is the okernel of the map (14).
Let V

p
= Hom(V
p
;Q
p
(1)) and T

p
= Hom(T
p
;Z
p
(1)). Then one easily sees that A

=
V

p
=T

p
and that U = T

p

 
 t
. Put M

= A


 
 t
. Thus we have an exat sequene
0! U ! V

p

 
 t
!M

! 0:
Our hypothesis onerning A

implies that H
0
(Q
1
;M

) is nite and H
0
(Q
1
; V

p


 t
) = 0.
It follows that H
1
(Q

=K; U)
tors

=
H
0
(K;M

), whose order is learly bounded by the order
of H
0
(Q
1
; A

).
Thus, we have proved that for a suitable hoie of t (exluding just nitely many values
of t), the okernel of the map

0
n;t
: H
1
(Q

=Q
n
; A
t
)! P
A
t
(Q
n
)=L
A
t
(Q
n
)
is nite and of bounded order as n ! 1. By taking the diret limit as n ! 1, it follows
that the okernel of the limit map 
0
t
is nite. But sine A
t
= A as a Gal (Q

=Q
1
)-module
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and C
t
= C, it follows that the map

0
: H
1
(Q

=Q
1
; A)!
 
H
1
((Q
1
)

p
; A=C)
Y
`2;` 6=p
H
`
(Q
1
)

has nite okernel. In fat, the kernel of 
0
is the strit Selmer group S
str
A
(Q
1
). It is lear
that the okernel of  is a homomorphi image of the okernel of 
0
. Hene the okernel of
 is nite, and, as remarked earlier,  must be surjetive. 
Remark (2.2) It will be useful later to point out one other onsequene of the above proof.
We make the same requirements on the hoie of t. In partiular, we have that H
0
(K

;M),
H
2
(K

;M) are both nite for all jl, l 2 , l 6= p. Then H
1
(K

;M) is nite too. Assuming
that    fp;1g is nonempty, hoose one suh prime l
0
. Suppose that in dening S
M
(K)
we take L

= H
1
(K

;M) for all jl
0
(instead of taking L

= 0). Then L
?

= 0. Assume
that t is also hosen so that H
0
(K

;M

) is nite. (This of ourse implies that H
0
(K;M

)
is nite.) With these hanges, it then turns out that S
U
(K) = 0 and hene the map (14) is
now surjetive. This beomes lear from the following ommutative diagram:
H
0
(K;M

)


//
H
1
(Q

=K; U)
tors

H
0
(K

;M

)

//
H
1
(K

; U)
tors
Here  is any prime of K dividing l
0
. The horizontal isomorphisms are oboundary maps.
The rst vertial map is learly injetive, and therefore so is the seond. This shows that
S
U
(K)  H
1
(Q

=K; U)
tors
must indeed be zero.
Let 
0
be any nite set of primes of Q whih does not ontain p or 1. Choose the set
 large enough so that 
0
 . The non-primitive Selmer group for A and 
0
is dened by
S

0
A
(Q
1
) = ker
 
H
1
(Q

=Q
1
; A)!
Y
`2 
0
H
`
(Q
1
)

:
Obviously, S
A
(Q
1
)  S

0
A
(Q
1
). Proposition (2.1), together with the fat that H
`
(Q
1
) is
-otorsion for ` 6= p, immediately gives the following result:
Corollary (2.3) With assumptions as in (2.1), we have
S

0
A
(Q
1
)=S
A
(Q
1
)

=
Y
`2
0
H
`
(Q
1
)
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as -modules. Furthermore, S

0
A
(Q
1
) is -otorsion and
orank
O
(S

0
A
(Q
1
)) = orank
O
(S
A
(Q
1
)) +
X
`2
0
orank
O
(H
`
(Q
1
)):
The -invariants of S

0
A
(Q
1
)b and S
A
(Q
1
)b are equal.
The struture of H
`
(Q
1
) an be studied using Proposition 2 of [Gre89℄. Sine we will
be primarily interested in its O-orank, we disuss that rst. Let s
`
denote the number of
primes  of Q
1
lying over `. That is, s
`
= [  :  
`
℄, where  
`
denotes the deomposition
subgroup of   for any suh . If 
`
denotes the orresponding Frobenius automorphism
in  , then  
`
is generated topologially by 
`
. One an determine s
`
quite easily. For
an odd prime p, s
`
is the largest power of p suh that `
p 1
 1 (mod ps
`
). Now let d
`
=
dim
F
p
(H
0
((Q
1
)

; V

p
), where V

p
= Hom(V
p
;Q
p
(1)) as before. Proposition 2 of [Gre89℄ easily
implies that orank
O
(H
`
(Q
1
)) = s
`
d
`
.
The value of d
`
is also not hard to determine. Let Frob
`
denote the Frobenius automor-
phism in Gal (Q
unr
`
=Q
`
). (Thus, 
`
is the restrition of Frob
`
to (Q
1
)

.) Let 
1
; 
2
; : : : ; 
e
`
denote the eigenvalues of Frob
`
(ounting multipliities) ating on (V
p
)
I
`
. Here I
`
is the
inertia subgroup Gal (Q
`
=Q
unr
`
) of G
Q
`
, (V
p
)
I
`
denotes the maximal quotient of V
p
on whih
I
`
ats trivially, and e
`
= dim
F
p
((V
p
)
I
`
). Sine (Q
1
)

 Q
unr
`
and I
`
ats trivially on Q
p
(1),
we have
H
0
((Q
1
)

; V

p
)  H
0
(I
`
; V

p
) = Hom
F
p
((V
p
)
I
`
;Q
p
(1)):
The eigenvalues of Frob
`
ating on this last vetor spae are `
 1
1
; : : : ; `
 1
e
`
. Noting that
the ation of Gal (Q
unr
`
=(Q
1
)

) must be through a nite group of order prime to p, one sees
easily that d
`
is the number of i's suh that `
 1
i
is a prinipal unit in F
p
(
i
). These values
of `
 1
i
are preisely the eigenvalues of 
`
ating on H
0
((Q
1
)

; V

p
), ounting multipliities.
Alternatively, we an desribe d
`
in terms of the element
P
`
=
e
`
Y
i=1
(1  
i
`
 1

`
) 2 O[[ 
`
℄℄: (15)
Identifying O[[ 
`
℄℄ with the power series ring O[[T
`
℄℄, where T
`
= 
`
  1, we an then fator
P
`
= P
`
(T
`
) as a produt of a power of  (a uniformizing parameter for O), an invertible
power series, and a distinguished polynomial. The power of the uniformizing parameter is
1. (That is, the -invariant is 0.) The degree of the distinguished polynomial is d
`
. If we
view P
`
as an element of O[[ ℄℄ = O[[T ℄℄, with T =    1 for a xed topologial generator
of  , then P
l
will still have -invariant 0 and its distinguished polynomial fator, whih we
denote by h
`
(T ), will have degree s
`
d
`
. Thus the O-orank of H
`
(Q
1
) is deg(h
`
(T )).
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The polynomial h
`
(T ) generates the harateristi ideal of the -module H
`
(Q
1
)b. To
see this, it is enough to verify that P
`
generates the harateristi ideal of the O[[ 
`
℄℄-
module H
1
((Q
1
)

; A)b, as H
`
(Q
1
)b is obtained by tensoring with  over O[[ 
`
℄℄. The
inertia subgroup I
`
of G
Q
`
ontains a unique subgroup J
`
suh that I
`
=J
`

=
Z
p
. Also, J
`
has
pronite order prime to p and I
`
=J
`

=
Z
p
(1) for the natural ation of Gal (Q
unr
`
=Q
`
). Let G =
Gal (Q
J
`
`
=(Q
1
)

) = G
(Q
1
)

=I
`
. Sine H
1
(J
`
; A) = 0, we have H
1
((Q
1
)

; A) = H
1
(G;A
J
`
).
Also, A
J
`

=
A
J
`
anonially. If we let I
`
= I
`
=J
`
, then G=I
`
has pronite order prime to p
and so H
1
(G;A
I
`
)

=
H
1
(I
`
; A
J
`
)
G=I
`
. If we let 
`
be a topologial generator of I
`
= Z
p
(1),
then
H
1
(I
l
; A
J
`
) = H
1
(I
`
; A
J
`
=(
`
  1)A
J
`
)

=
Hom(Z
`
(1); A
I
`
)

=
A
I
`
( 1);
where the isomorphisms are equivariant for the ation of Gal (Q
unr
`
=Q
`
). The eigenvalues
of Frob
`
ating on A
I
`
( 1)b are the numbers `
 1
i
; 1  i  e
`
, and those numbers whih
are prinipal units are the eigenvalues of 
`
ating on (A
I
`
( 1)
G=I
`
)b, again using the fat
that G=I
`
has pronite order prime to p. These remarks imply that P
`
does generate the
harateristi ideal of H
1
((Q
1
)

; A)b as an O[[ 
`
℄℄-module. We have proved the following
results:
Proposition (2.4) Let P
`
(X) = det((1   Frob
`
X)j
(V
p
)
I
`
) 2 O[X℄. Let P
`
= P
`
(`
 1

`
) 2
 = O[[ ℄℄, where 
`
denotes the Frobenius automorphism for ` in   = Gal (Q
1
=Q). The
harateristi ideal of the -module H
`
(Q
1
)b is generated by P
`
. Its -invariant is zero.
Its -invariant is equal to s
`
d
`
. Here s
`
is the largest power of p dividing (`
p 1
  1)=p and
d
`
is the multipliity of X =
e
`
 1
as a root of
e
P
`
(X) 2 k[X℄, where k is the residue eld of
O, and the  means redution modulo m, where m = () denotes the maximal ideal of O.
Remark. P
l
satises an interpolation property involving Euler fators evaluated at s = 1
(if V
p
arises from a ompatible system of l-adi (or -adi) representations of G
Q
). Namely,
let  be any harater of  . Then (P
l
) = P
l
((l)l
 1
), regarding  as a Dirihlet harater.
Now we will disuss the nonexistene of nonzero nite -submodules in the Pontrjagin
duals of Selmer groups. One nds results about this in [Gre99℄ for the ase of Sel
E
(F
1
)
p
,
where E is an ellipti urve dened over a number eld F and F
1
is the ylotomi Z
p
-
extension of F . (See Propositions 4.14 and 4.15 in [Gre99℄.) Here we will prove a muh
easier result, whih will be suÆient for our purposes. Reall that D = A=C is an O-module
on whih G
Q
p
ats. We let Ram(A) denote the set of primes ` ( 6= p;1) suh that the ation
of G
Q
`
on A is ramied.
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Proposition (2.5) Let p be an odd prime. Assume that S
A
(Q
1
) is -otorsion and that
D is unramied for the ation of G
Q
p
. Suppose that 
0
is a subset of    fp;1g whih
ontains Ram(A). Then S

0
A
(Q
1
)b has no nonzero, nite -submodules.
Proof. S

0
A
(Q
1
) doesn't depend on the hoie of , as long as 
0
[ fp;1g is ontained in
. In this proof, we may therefore take  = 
0
[ fp;1g. Then, by denition, S

0
A
(Q
1
) =
ker(H
1
(Q

=Q
1
; A)! H
p
(Q
1
)) : Sine S
A
(Q
1
) is -otorsion, so is S

0
A
(Q
1
).
Both H
1
(Q

=Q
1
; A) and H
p
(Q
1
) have -orank equal to d
 
. We will show that H
p
(Q
1
)
is -ofree. It is then lear that the map dening S

0
A
(Q
1
) is surjetive and so
H
1
(Q

=Q
1
; A)=S

0
A
(Q
1
)

=
H
p
(Q
1
)
as -modules. (This would usually follow from Proposition 2.1, even without knowing some-
thing aboutH
p
(Q
1
).) Proposition 5 of [Gre89℄ asserts that H
1
(Q

=Q
1
; A)b has no nonzero,
nite -submodules beause we know that H
2
(Q

=Q
1
; A) = 0. (We are assuming that p is
odd.) The assertion about (S

0
A
(Q
1
))b is then a onsequene of the following lemma (whose
simple proof an be found on page 123 of [Gre89℄:
Lemma (2.6) Let Y be a nitely generated -module, Z a free -submodule. If Y ontains
no nonzero, nite -submodule, then the same is true for Y=Z.
We just apply this to Y = H
1
(Q

=Q
1
; A)b; Z = H
p
(Q
1
)b, and Y=Z = S

0
A
(Q
1
)b.
It remains to show that H
p
(Q
1
) is -ofree when D is unramied. We rst verify
that H
1
(Q
p
; D) is O-ofree. The exat sequene 0 ! D[℄ ! D

!D ! 0 indues
an injetive map H
1
(Q
p
; D)=H
1
(Q
p
; D) ! H
2
(Q
p
; D[℄). This last group is dual to
H
0
(Q
p
;Hom(D[℄; 
p
)) whih is obviously trivial sine p is an odd prime. Thus H
1
(Q
p
; D)
is a divisible O-module. Its Pontryagin dual is a torsion-free, nitely generated O-module
and must therefore be free. Thus H
1
(Q
p
; D) is O-ofree. Its O-orank is equal to d
 
+
orank
O
(H
0
(Q
p
; D)) sine D has O-orank d
 
and H
2
(Q
p
; D) = 0.
Now by the ination-restrition exat sequene together with the fat that   has p-
ohomologial dimension 1, the restrition map H
1
(Q
p
; D)! H
1
((Q
1
)

p
; D)
 
is surjetive,
where   is identied with Gal ((Q
1
)

p
=Q
p
). The kernel of this map is H
1
( ; D
G
(Q
1
)

p
), whih
is easily seen to have O-orank equal to that of H
0
(Q
p
; D). Thus H
1
((Q
1
)

p
; D)
 
is O-ofree
and has O-orank d
 
. By proposition 1 of [Gre89℄, we see that H
1
((Q
1
)

p
; D) has -orank
d
 
. Hene X = H
1
((Q
1
)

p
; D)b is a -module of rank d
 
suh that X=TX is =T-free of
rank d
 
. A simple use of Nakayama's lemma shows that X is a free -module.
It follows from the denition of H
p
(Q
1
) that we have an isomorphism
H
p
(Q
1
)

=
im(H
1
(Q
1
)

p
; A)! H
1
(I

p
; D))
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as -modules. Sine G
(Q
1
)

p
has p-ohomologial dimension equal to 1, we also have
H
2
((Q
1
)

p
; C) = 0. Hene the exat sequene 0! C ! A! D ! 0 implies that the map
H
1
((Q
1
)

p
; A) ! H
1
((Q
1
)

p
; D) is surjetive. Also, ker (H
1
((Q
1
)

p
; D) ! H
1
(I

p
; D)) is
isomorphi to H
1
(G
(Q
1
)

p
=I

p
; D) beause I

p
ats trivially on D. Sine G
(Q
1
)

p
=I

p
is topo-
logially yli, this kernel is a quotient of D and so is O-ofree. (It would be suÆient to
assume just that D
I

p
is O-ofree.) Thus H
p
(Q
1
)b is isomorphi to a -submodule Y of
X = H
1
((Q
1
)

p
; D)b suh that X=Y is O-ofree. Sine X is -free, one sees that Y must
be reexive and hene also free as a -module. Hene H
p
(Q
1
) is indeed -ofree. 
Remark (2.7) In proposition 2.5, it is not neessary to assume that D is unramied for
the ation of G
Q
p
. In the above proof, only two properties of D were atually used. First,
that Hom
G
Q
p
(D[℄; 
p
) = 0, whih suÆes to show that H
1
(Q
p
; D) is O-ofree and that
H
2
(Q
p
; D) = 0. Seond, that D
I

p
is O-ofree whih is used at the end of the proof.
This result overs virtually all the ases we are interested in. However, we will sketh
another approah whih gives the same onlusion with slightly dierent hypotheses. As-
sume that A satises the hypotheses of proposition 2.1, that 
0
is nonempty, and that
H
1
(G
(Q
1
)

p
=I

p
; D
I

p
) = 0. (Note that the last hypothesis is valid if D
I

p
= 0.) Then,
aording to remark 2.2, the following map an be assumed to be surjetive:
H
1
(Q

=Q ;M) ! H
1
(Q
p
;M=N)
where M = A

t
for a suitable t. (We are assuming that in addition to other requirements,
t is also hosen so that H
2
(Q
p
; N) = 0, so that the map H
1
(Q
p
;M) ! H
1
(Q
p
;M=N) is
surjetive. Here N = C 
 
t
and suh a hoie is possible.) Using the ination-restrition
sequene and the fat that   has ohomologial dimension 1, one sees that the map
H
1
(Q

=Q
1
;M)
 
! H
1
((Q
1
)

p
;M=N)
 
is also surjetive. Now S

0
M
(Q
1
)

=
S

0
A
(Q
1
)
 
t
as -modules and the exat sequene
0! S

0
M
(Q
1
)! H
1
(Q

=Q
1
;M)! H
1
((Q
1
)

p
;M=N)! 0
together with the snake lemma imply that the map S

0
M
(Q
1
)
 
! H
1
(Q

=Q
1
;M)
 
is in-
jetive. Sine H
1
(Q

=Q
1
;M)
b
has no nonzero nite -submodule, it follows that, if t is
again hosen suitably, H
1
(Q

=Q
1
;M)
 
= 0. Therefore, S

0
M
(Q
1
)
 
= 0 and the onlusion
in proposition 2.5 follows immediately.
The next proposition allows one to determine the -invariant of S

0
A
(Q
1
) in terms of the
Galois module A[℄, under ertain hypotheses. Reall that  is a generator of the maximal
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ideal of O. We dene a Selmer group for A[℄ in the following way. Consider the exat
sequene 0! C[℄! A[℄! D[℄! 0 of G
Q
p
-modules. For any subset 
0
of   fp;1g,
let
S

0
A[℄
(Q
1
) = ker
 
H
1
(Q

=Q
1
; A[℄)!
Y
`2 
0
H
`
(Q
1
; A[℄)

:
where for ` 6= p, we dene H
`
(Q
1
; A[℄) =
Q
j`
H
1
(I

; A[℄) and, for ` = p, we dene
H
p
(Q
1
; A[℄) = H
1
(I

p
; D[℄). With this denition, whih is entirely analogous to the
denition of S

0
A
(Q
1
), we an prove the following useful result.
Proposition (2.8) Let p be an odd prime. Assume that 
0
is a subset of    fp;1g
ontaining Ram(A). Assume that I

p
ats trivially on D and that H
0
(Q ; A[℄) = 0. Then
S

0
A
(Q
1
)[℄

=
S

0
A[℄
(Q
1
):
Consequently, S
A
(Q
1
) is -otorsion and has -invariant zero if and only if S

0
A[℄
(Q
1
) is
nite. If this is so, then the -invariant of S

0
A
(Q
1
) is equal to dim
O=m
(S

0
A[℄
(Q
1
).
Proof. Sine H
0
(Q ; A[℄) = 0 and   is a pro-p group, it follows that H
0
(Q
1
; A) = 0. The
natural map
H
1
(Q

=Q
1
; A[℄)! H
1
(Q

=Q
1
; A)[℄
indued from the exat sequene 0! A[℄! A

! A! 0 is therefore an isomorphism. We
must ompare the loal onditions dening S

0
A
(Q
1
)[℄ and S

0
A[℄
(Q
1
). Suppose that  is
a 1-oyle of Gal (Q

=Q
1
) with values in A[℄. First onsider the loal ondition at j`,
where ` 6= p and ` 2  
0
. Then I

ats trivially on A. The map H
1
(I

; A[℄)! H
1
(I

; A)
is injetive beause H
0
(I

; A) = A is divisible. Thus, the loal onditions at ` dening
S

0
A
(Q
1
)[℄ and S

0
A[℄
(Q
1
) are equivalent. Also, the map
H
1
(I

p
; D[℄)! H
1
(I

p
; D)
is injetive beause H
0
(I

p
; D) = D is divisible. Hene the loal onditions on  dening the
two Selmer groups are equivalent, and this proves the equality.
Now S
A
(Q
1
) and S

0
A
(Q
1
) have the same -orank and the same -invariant if they
are -otorsion. Obviously, S

0
A
(Q
1
) is -otorsion and has -invariant 0 if and only if
S

0
A
(Q
1
)[℄ is nite, whih in turn is equivalent to the niteness of S

0
A[℄
(Q
1
). Assuming
this is so, S

0
A
(Q
1
)b would be a nitely generated O-module. By Proposition (2.5) its O-
torsion submodule is 0, and so S

0
A
(Q
1
) is O-divisible. That is, S

0
A
(Q
1
)

=
(F
p
=O)

, where
 = orank
O
(S

0
A
(Q
1
))  0. It is lear that  = dim
O=m
(S

0
A
(Q
1
)) = dim
O=m
S

0
A[℄
(Q
1
), as
stated. 
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Remark (2.9) The hypothesis that I

p
ats trivially on D is adequate for the theorems
stated in the introdution. But all that is needed in the proof is that H
0
(I

p
; D) is divisible.
Thus, if D
I

p
= 0, the onlusion is still true.
At this point we an justify most of the steps in the proof of theorem (1.4) outlined in
the introdution. If E is a modular ellipti urve dened over Q , we take T
p
= T
p
(E), the
Tate module for E, and V
p
= T
p
(E)

Z
p
Q
p
, a 2-dimensional Q
p
-representation spae for G
Q
.
Then A = V
p
=T
p
is isomorphi to E[p
1
℄ as a G
Q
-module. The ring O is Z
p
, and d
+
= d
 
= 1.
Assume that E has good ordinary redution at p. Then viewing A as a G
Q
p
-module, we
dene C = ker (E[p
1
℄!
e
E[p
1
℄), where
e
E is the redution of E modulo p. Then D

=
e
E[p
1
℄
is unramied as a G
Q
p
-module and is isomorphi to Q
p
=Z
p
as a Z
p
-module. By the Weil
pairing, one sees that the inertia group I
p
ats on C by the p-ylotomi harater . That is,
C

=

p
1
as an I
p
-module. Note that the ation of G
Q
p
on A depends on xing an embedding
of the eld Q(E[p
1
℄) into Q
p
. The subgroup C of A depends on the orresponding hoie of
a prime of Q(E[p
1
℄) lying above p. Having xed suh a prime, the subgroup C is determined
by the ation of I
p
. Also, sine we are assuming that p is odd, the subgroup C[p℄ of A[p℄
is determined by the ation of I
p
: C[p℄

=

p
and D[p℄ is the maximal quotient of A[p℄ on
whih I
p
ats trivially.
In [Gre99℄, one an nd a proof that im (

p
) = L

p
. This result, together with the fat
that im (

) = 0 for all primes  of Q
1
not lying over p, implies that Sel
E
(Q
1
)
p
= S
A
(Q
1
).
The nonprimitive Selmer groups Sel

0
E
(Q
1
)
p
and S

0
A
(Q
1
) also oinide, and therefore we
an study the algebrai Iwasawa invariants assoiated to E by using the results of this setion.
It will be useful to point out that, for an odd prime p, the group S
A[p℄
(Q
1
) is determined
just by the isomorphism lass of A[p℄ as a G
Q
-module. This follows from the remark at the
end of the previous paragraph.
By Kato's theorem, S
A
(Q
1
) is -otorsion. Also, H
0
(Q
1
; A

) is nite sine A


=
E[p
1
℄
by the Weil pairing and E(Q
1
)
tors
is known to be nite. (If we assume that E[p℄ is an
irreduible G
Q
-module, then it's easy to see that H
0
(Q
1
; E[p
1
℄) = 0.) Corollary (2.3) then
implies the important relationships (6) and (7). By proposition (2.4), P
`
(T ) is a generator
of the harateristi ideal of H
`
(Q
1
)
b
. Relationships (8) and (9) follow from this. Thus the
equivalenes given in theorem (1.5) have been established.
Suppose now that E
1
and E
2
are ellipti urves satisfying the hypotheses in theorem
(1.4). Let  be a nite set of primes ontaining p, 1, and all primes where either E
1
or E
2
has bad redution. Let 
0
=   fp;1g. For i = 1; 2, we dene A
i
= E
i
[p
1
℄. Then, by the
above remarks and by proposition (2.8), we have
Sel

0
E
i
(Q
1
)[p℄ = S

0
A
i
(Q
1
)[p℄

=
S

0
A
i
[p℄
(Q
1
):
Furthermore, the order of this group is independent of i sine A
1
[p℄

=
A
2
[p℄ as G
Q
-modules.
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As a onsequene, we see that if 
alg
E
1
= 0, then 
alg
E
2
= 0 and 
alg
E
2
;
0
= 
alg
E
1
;
0
.
Remark (2.10) The arguments apply with virtually no hange if the Galois modulesE
1
[p
1
℄,
E
2
[p
1
℄ are replaed by similar Galois modules assoiated to weight 2 eigenforms whose levels
are not divisible by p
2
and whih are ordinary at p (i.e., a
p
is a unit). Let f
1
; f
2
be two suh
eigenforms. Fixing an embedding Q ! Q
p
, the Galois module A
i
orresponding to f
i
is an
O
i
-module, ofree of orank 2, where O
i
is the losure of the integers in the eld generated
over Q by the oeÆients of f
i
. (Note that A
i
is dened as V
p
(f
i
)=T
p
(f
i
), where V
p
(f
i
) is
the 2-dimensional F
p
-representation assoiated to f
i
. Here F
p
is the ompletion of F at the
prime indued by the above embedding and T
p
(f
i
) is a G
Q
-invariant O
i
-lattie in V
p
(f
i
).)
Let 
i
denote a uniformizing parameter in O
i
. Then it is enough to assume that A
1
[
1
℄
and A
2
[
2
℄ are irreduible and beome isomorphi as G
Q
-modules after extending salars to
a nite eld k ontaining both O
1
=(
1
) and O
2
=(
2
). In partiular, we an twist the Tate
modules for E
1
and E
2
satisfying the hypotheses we made above by any Dirihlet harater
 whose ondutor is not divisible by p
2
so that
e
E
i
[p
1
℄ 
  is either unramied or tamely
ramied at p. In some ases, remarks 2.7 and 2.9 are needed to give the desired onlusions.
The above disussion shows that if p is an odd prime, E
1
[p℄

=
E
2
[p℄ as G
Q
-modules, and

alg
E
1
= 0, then one an ompute 
alg
E
2
if one knows 
alg
E
1
. To illustrate this, we onsider the
example mentioned in the introdution. The ellipti urves E
1
and E
2
have ondutors 52
and 364, respetively. We take p = 5. One an show that Sel
E
1
(Q
1
)
5
= 0. (Several examples
disussed in hapter 5 of [Gre99℄ are ompletely analogous. The ruial ingredients are that
Sel
E
1
(Q )
5
= 0, that 5 is not an anomalous prime for E
1
(i.e., that a
5
(E
1
) 6 1 (mod 5)),
and that the Tamagawa fators for E
1
orresponding to 2 and 13 are not divisible by 5.)
It follows that 
alg
E
1
= 
alg
E
1
= 0. One an also show that 
anal
E
1
= 
anal
E
1
= 0. (The ruial
ingredients for this are that L (E=Q ; T ) is in , whih is known sine E
1
[5℄ is irreduible,
and that the interpolation property shows that L (E=Q ; 0) 2 Z

p
. Hene L (E=Q ; T ) 2 

.)
Let  = f5;1; 2; 7; 13g, 
0
= f2; 7; 13g. We need just determine 
(`)
E
i
for ` = 2; 7; 13,
i = 1; 2. For ` = 2, both E
1
and E
2
have additive redution and so the orresponding
Euler fator in L(E
i
=Q ; s) is 1. Thus 
(2)
E
1
= 
(2)
E
2
= 0. For ` = 13, both E
1
and E
2
have
nonsplit, multipliative redution. The orresponding Euler fators are both 1+13
 s
, whose
value at s = 1 is a 5-adi unit. Thus, P
13
(0) 2 Z

p
and so P
13
(T ) 2 

. We have

(13)
E
1
= 
(13)
E
2
= 0. However, for ` = 7, E
1
has good redution and E
2
has multipliative
redution. The orresponding Euler fators are 1 + 2X + 7X
2
and 1  X, where X = 7
 s
.
At s = 1, the value of the Euler fator for E
2
is in Z

p
and so 
(7)
E
2
= 0. But 1+ 2X +7X
2

(1   X)(1   2X) (mod 5) and X =
e
7
 1
has multipliity 1 as a root. Also 5
2
k(7
4
  1) and
so s
7
= 5, in the notation of proposition 2.4. That is, 7 splits ompletely in Q
1
=Q , and the
primes of Q
1
above 7 remain inert in Q
1
=Q
1
. It follows that 
(7)
E
1
= 5. Therefore, we nd
27
that 
alg
E
2
= 
alg
E
2
;
0
= 
alg
E
1
;
0
= 
alg
E
1
+ 5 = 5, as stated in the introdution.
Now assume that E is an ellipti urve/Q suh that E[p℄ is reduible as a G
Q
-module.
Assume also that E has good ordinary redution at p and that p is odd. Then there is an
exat sequene of G
Q
-modules
0! ! E[p℄! 	! 0
where both  and 	 are yli of order p. G
Q
ats on  by a harater ' : G
Q
! (Z=pZ)

,
and on 	 by a harater  . We an view both ' and  as having values in Z

p
. Then ' = !,
the Teihmuller harater of G
Q
. One of the haraters ' or  is even, one odd. One of
these haraters is ramied at p, the other unramied. We will assume that the ramied
harater is even, and so the unramied harater is odd. A result of Shneider then implies
that the -invariant for Sel
E
(Q
1
)
b
p
is unhanged by a p-isogeny. The -invariant is always
unhanged by an isogeny. Thus, we may assume for our purpose that ' is ramied and
even,  is unramied and odd. It follows immediately that H
0
(Q ; E[p℄) = 0. Therefore by
proposition 2.8 and the fat that Sel

0
E
(Q
1
)
p
and S

0
E[p
1
℄
(Q
1
) oinide, we have
Sel

0
E
(Q
1
)[p℄

=
S

0
E[p℄
(Q
1
)
where  is as before and 
0
=    fp;1g. Now H
0
(Q
1
;	) = 0. Later we will show that
H
2
(Q

=Q
1
;) = 0. Therefore, we have an exat sequene
0! H
1
(Q

=Q
1
;)

!H
1
(Q

=Q
1
; E[p℄)
Æ
!H
1
(Q

=Q
1
;	)! 0:
Now S

0
E[p℄
(Q
1
) = ker (H
1
(Q

=Q
1
; E[p℄) ! H
1
(I
p
;	)). Hene im ()  S

0
E[p℄
(Q
1
) =
Æ
 1
(U ), where U = ker (H
1
(Q

=Q
1
;	))! H
1
(I
p
;	). Therefore, we have
dim
Z=pZ
(S

0
E[p℄
(Q
1
)) = dim
Z=pZ
(H
1
(Q

=Q
1
;)) + dim
Z=pZ
(U ):
Next we will relate the two dimensions on the right to lassial Iwasawa theory.
For this purpose, we onsider Selmer groups for one-dimensional representations. As-
sume that dim(V
p
) = 1. Then Gal (Q

=Q) ats on V
p
by a ontinuous homomorphism
 : Gal (Q

=Q) ! O

. Clearly,  fators through G = Gal (K
1
=Q), where K
1
is some
nite extension of Q
1
, and G is abelian. Consider the restrition map
H
1
(Q

=Q
1
; A)! H
1
(Q

=K
1
; A)

where  = Gal (K
1
=Q
1
). The kernel and okernel are nite; they are trivial if p - jj. We
will assume that p - jj, whih will be suÆient for our purpose. Sine Gal (Q

=K
1
) ats
trivially on A, we have
H
1
(Q

=K
1
; A) = Hom(X

1
; A)
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where X

1
= Gal (M

1
=K
1
), and M

1
denotes the maximal abelian, pro-p extension of K
1
unramied outside . We an identify   with a subgroup of G so that G =    . This
deomposition is anonial sine we are assuming that p - jj. We have Z
p
[[G℄℄ = Z
p
[[ ℄℄[℄.
Let M
1
denote the maximal abelian pro-p extension of K
1
unramied outside fp;1g. Let
L
1
denote the maximal abelian pro-p extension of K
1
whih is unramied everywhere.
Depending on the parity of , we an desribe the Selmer group S
A
(Q
1
) in terms of either
X
1
= Gal (M
1
=K
1
) or Y
1
= Gal (L
1
=K
1
).
Assume rst that  is even. Let  = j

, whih is an even harater of . We have
d
+
= 1 and so we must take W
p
= V
p
. Therefore, H
p
(Q
1
; A) = 0 and it follows that
S
A
(Q
1
)

=
Hom

(X
1
; A) = Hom
O
((X
1


Z
p
O)

; A):
Now K
1
is the ylotomi Z
p
-extension of K = K
 
1
and  = Gal (K=Q) is abelian.
The Ferrero-Washington theorem implies that the torsion -module (X
1


Z
p
O)

has -
invariant equal to zero. We denote its O-rank by 

. Then, 

= orank
O
(S
A
(Q
1
)). Note
that the O-orank of S
A
(Q
1
) depends only on  = j

, although its struture as a -
module does depend on  itself. Let 
0
=    fp;1g. Let 
;
0
= orank
O
(S

0
A
(Q
1
)).
Assuming that  is nontrivial (so that H
0
(Q ; A[℄) = 0), proposition (2.6) implies that

;
0
= dim
O=O
(S

0
A[℄
(Q
1
)). Also, noting that the ation of G
Q
on V

p
= Hom(V
p
;O
p
(1))
is odd, it follows that H
0
(Q
1
; A

) = 0. Then orollary (2.3) allows us to ompute 
;
0
in
terms of 

.
Assume now that  is odd. Then  is an odd harater of . We have d
+
= 0 and
so we must take W
p
= 0. That is, the loal ondition at 
p
ourring in the denition of
S
A
(Q
1
) is that a oyle lass be unramied. Thus S
A
(Q
1
) = H
1
unr
(Q

=Q
1
; A), the group
of everywhere unramied oyle lasses. It follows that
S
A
(Q
1
) = Hom

(Y
1
; A) = Hom((Y
1


Z
p
O)

; A):
Again, the Ferrero-Washington theorem implies that the -torsion module (Y
1


Z
p
O)

has
-invariant zero. We let 

denote its O-rank, and so S
A
(Q
1
) has O-orank equal to 

.
As we remarked above, this learly depends only on  = j

. Assume that  6= !. Then
H
0
(Q
1
; A

) = 0 and so we an apply orollary (2.3) to determine 
;
0
= orank
O
(S

0
A
(Q
1
))
in terms of 

. Sine  is odd, we haveH
0
(Q ; A[℄) = 0 and therefore proposition (2.8) implies
that 
;
0
= dim
O=O
(S

0
A[℄
(O
1
)).
We an apply these observations to  = ' and  =  , regarding  or 	 as A[p℄ where
A

=
Q
p
=Z
p
is a group and G
Q
ats by either ' or  . Now ' is even, but it is ramied and
hene nontrivial. Also,  is odd but sine  = !'
 1
, we have  6= !. Hene we obtain the
result that 
alg
E
= 
alg
E;
0
= 0 and that

alg
E;
0
= 
';
0
+ 
 ;
0
(16)
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whih shows that 
alg
E;
0
an be easily alulated in terms of the lassial Iwasawa invariant

'
= 
 
. We must just explain whyH
2
(Q

=Q
1
;) = 0. This is in fat equivalent to the van-
ishing of the -invariant for the -moduleX
'
1
. We take  = '. Suppose that A

=
Q
p
=Z
p
and
that G
Q
ats on A by '. Sine X
'
1
is -torsion (beause ' is even), it follows that S
A
(Q
1
)
and S

0
A
(Q
1
) = H
1
(Q

=Q
1
; A) are -otorsion. Their -invariants are zero, by the Ferrero-
Washington theorem. By proposition (2.5), S

0
A
(Q
1
)
b
has no nonzero, nite -submodules,
whih then implies that it is a divisible group. That is, H
1
(Q

=Q
1
; A) is divisible. Also,
H
2
(Q

=Q
1
; A) must be -otorsion (using the rst result about oranks realled at the
beginning of this setion). By proposition 4 of [Gre99℄, it follows that H
2
(Q

=Q
1
; A) = 0.
Then the exat sequene 0! ! A
p
!A! 0 indues an isomorphism
H
1
(Q

=Q
1
; A)=pH
1
(Q

=Q
1
; A)

 !H
2
(Q

=Q
1
;):
The vanishing of H
2
(Q

=Q
1
;) follows from this.
In the above disussion we may assume that K
1
ontains 
p
, and hene 
p
1
. (It is
not neessary for  to be a faithful harater of Gal (K
1
=K).) Now omplex onjugation
(in Gal (K
1
=Q)) ats on both X
1
and Y
1
, and one an then dene X

1
, Y

1
as the (1)-
eigenspaes for omplex onjugation. A theorem of Iwasawa then implies that Y
 
1
is pseudo-
isomorphi to Hom(X
+
1
;Z
p
(1)) as a module for Z
p
[[G℄℄ = [℄, where Z
p
(1) just denotes Z
p
together with an ation of G by the p-ylotomi harater . (Stated this way, the result
also depends on the vanishing of  for X
+
1
and Y
 
1
.) It follows that, if  is an even harater
of , then (X
1


Z
p
O)

has the same O-rank as (Y
1


Z
p
O)
!
 1
, and therefore 

= 
!
 1
.
In partiular, 
'
= 
 
. The easiest way to ompute 
'
is to use the theorem of Mazur and
Wiles whih implies that 
'
is just the -invariant of the Kubota-Leopoldt p-adi L-funtion
L
p
('; s). Extensive alulations have been arried out by T. Fukuda when  is imaginary
quadrati and p = 3; 5, or 7.
For a harater : Gal (Q

=Q) ! Z

p
, letA

denote the group Q
p
=Z
p
on whih Gal (Q

=Q)
ats by . Reall that for any prime l 6= p, s
l
denotes the number of primes  of Q
1
lying
above l, or equivalently the p-adi valuation of (l
p 1
  1)=p. Dene t
l
(E) as the integer
orank
Z
p
(H
1
((Q
1
)

; A
'
)) + orank
Z
p
(H
1
((Q
1
)

; A
 
))  orank
Z
p
(H
1
((Q
1
)

; E[p
1
℄))
where  is any prime of Q
1
lying over l. As a onsequene of orollary (2.3) applied to
E[p
1
℄, A
'
and A
 
, together with (16), we see that

E
= 2
 
+
X
l2
0
s
l
t
l
(E):
One way to alulate the above Z
p
-oranks is to use proposition 2 of [Gre89℄. If A is a G
Q
l
-
module (where l 6= p) whih is isomorphi to (Q
p
=Z
p
)
d
as a group, let T
A
denote its Tate
30
module. Dene A

= Hom(T
A
; 
p
1
), whih is also a G
Q
l
-module isomorphi to (Q
p
=Z
p
)
d
.
Then the above ited proposition implies that H
1
((Q
1
)

; A) has the same Z
p
-orank as
H
0
((Q
1
)

; A

), whih is denoted more briey by A

((Q
1
)

) in [Gre89℄. The Weil pairing
implies that E[p
1
℄


=
E[p
1
℄ as G
Q
l
-modules. Also, sine ' = ! and j

= !, where 
is the p-ylotomi harater as before, it is lear that A

'

=
A
 
and A

 

=
A
'
as G
(Q
1
)

-
modules. Thus
t
l
(E) = orank
Z
p
(A
'
((Q
1
)

)) + orank
Z
p
(A
 
((Q
1
)

))  orank
Z
p
(E((Q
1
)

)
p- tors
):
We an now disuss the example mentioned in the introdution where J is one of the
urves of ondutor 11, E is the quadrati twist J
 
, and p = 5. The harater  is the
quadrati harater orresponding to F = Q(
p
 ). Let  onsist of 1, 5, 11, and all the
ramied primes for F=Q . Let 
0
=  f1; 5g. Assume rst that l is ramied in F=Q . Then
both ' = ! 
 1
and  are nontrivial haraters of G
Q
l
with orders not divisible by p. Their
restritions to G
(Q
1
)

are also nontrivial and so A
'
((Q
1
)

), A
 
((Q
1
)

), and E((Q
1
)

)
p- tors
are all trivial. Hene t
l
(E) = 0 for those l's. This also applies to l = 11 if  j
G
Q
11
is nontrivial,
i.e., if 11 is ramied or inert in F=Q . (Note that then 'j
G
Q
11
is also nontrivial sine !j
G
Q
11
is trivial.) But if 11 splits in F=Q , then both 'j
G
Q
11
and  
G
Q
11
are trivial haraters. Hene
A
'
((Q
1
)

) and A
 
((Q
1
)

) both have Z
p
-orank 1. Now E

=
J over Q
11
and has split,
multipliative redution. Sine 
p
 Q
11
, we have (Q
1
)

= Q
11
(
p
1
) where  is the unique
prime of Q
1
lying above 11. (Note that s
11
= 1.) We have orank
Z
p
(E((Q
1
)

)
p- tors
) = 1.
Thus t
11
(E) = 1 if 11 splits in F=Q . These remarks imply that 
alg
E
= 2
 
+ 
 
as stated in
the introdution.
3 Congruenes for p-adi L-funtions.
In this setion we prove the ongruenes for p-adi L-funtions desribed in the intro-
dution. The tehnial tools for this were developed in [Vat97℄, where ertain anonial
periods, well suited to the study of ongruenes, were attahed to a uspform f . We want
to speialize this to the ase where f has rational Fourier oeÆients and orresponds to a
modular ellipti urve. Our main task in this setion is therefore to ompare the anonial
periods of f to the Neron periods of the assoiated ellipti urve.
At the end of this setion we give a brief disussion of our results as they apply to modular
forms whose Fourier oeÆients are not neessarily rational numbers (so the assoiated
abelian varieties need not be ellipti urves). While muh of the theory goes through without
hange, there are some serious ompliations. In the rst plae, we want to apply the
ongruene tehniques of [Vat97℄, and to do this we need to assume that the maximal ideals
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arising in the Heke ring satisfy a ertain tehnial ondition (we assume that they are p-
distinguished; see below for the preise denition). Seondly, we would like to ompare the
periods of the modular forms with those of the assoiated abelian varieties, and this an
only be ahieved under a ertain semistability assumption. Neither of these assumptions
need be true in general for forms on  
1
(N) if pjN . Both assumptions will be true, however,
if (N; p) = 1, or if f orresponds to an ellipti urve. For simpliity of exposition, we have
hosen to onentrate on the ellipti urve ase in this setion. We have inluded statements
of the general results, and the interested reader should have no diÆulty lling in the details.
Canonial periods
We begin by realling the onstrution of [Vat97℄. Let E be a modular ellipti urve of
ondutor N , and let p be a xed odd prime. We assume that E has either good ordinary
or multipliative redution at p, orresponding to the two ases (N; p) = 1 and (p;N=p) = 1
respetively. We will write f = f(z) for the newform of level N orresponding to E. Then
f has rational Fourier oeÆients. Let   denote the group  
1
(N); we may assume that
N > 4, so that   is torsion-free. Let S
2
( ;Z
p
) denote the spae of uspforms of weight
2 on   with oeÆients in Z
p
, and write H
1
par
( ;Z
p
) for the paraboli ohomology group
of Eihler-Shimura. There is a natural ation of omplex onjugation on this ohomology
group, and we denote the (1)-eigenspaes by a supersript. Let m denote the maximal ideal
above p ut out by f in the Heke ring T generated by the usual operators T
q
; U
`
; < q >
over Z. Let T
m
denote the ompletion of T at m. Then T
m
is a nite at Z
p
-algebra. The
Heke operators at on this ohomology group, and on the spae of uspforms with integral
oeÆients.
There is a semisimple representation 
m
: G
Q
! GL
2
(T=m) = GL
2
(F
p
) haraterized
by Tr (Frob(q)) = T
q
for (q; Np) = 1; this representation 
m
is the semisimpliation of
the representation of G
Q
on E[p℄. If E[p℄ is irreduible, then 
m
is equivalent to the G
Q
-
representation on E[p℄. If E[p℄ is reduible, then the Weil pairing implies that there exists
a harater  : Gal (Q =Q) ! F

p
suh that the Jordan-Holder fators of E[p℄ are given by  
and ! 
 1
. Here ! : Gal (Q =Q) ! F

p
denotes the Teihmuller harater. If we let ' = ! 
 1
,
then the semi-simple representation 
m
is given expliitly as

m
= '  : (17)
We may assume that  is unramied at p. Then we hoose a sign  =  as follows:
1. If E[p℄ is irreduible, then  is arbitrary.
2. If E[p℄ is reduible, then  is determined by 1 =   ( 1).
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A hoie of sign satisfying one of these onditions is said to be admissible (for E and p).
Now let f =
P
a
n
q
n
denote the newform assoiated to E. Let M be any integer divisible by
N , and let g =
P
b
n
q
n
denote any modular form of level M that is an eigenform for the full
Heke algebra T
1
(M) for  
1
(M), and whih satises a
n
= b
n
whenever (n;M) = 1. If  is
admissible, it follows from work of Mazur, Ribet, Wiles, and others (see [Vat97℄, Theorems
1.3 and 2.7) that there is an isomorphism of T
1
(M)
m
{modules


: S
2
( 
1
(M);Z
p
)
m

=
H
1
par
( 
1
(M);Z
p
)

m
: (18)
Here m denotes the maximal ideal ofT
1
(M) indued by the homomorphism 
g
: T
1
(M)! O,
and T
1
(M)
m
denotes the ompletion. Thus, if  is admissible, we may dene anonial
oyles Æ

g
= 

(g) 2 H
1
par
( 
1
(M);Z
p
). Now onsider the dierential form g(z)dz on the
upper-half-plane. Then we dene a oyle !
g
2 H
1
par
( 
1
(M); C ) by the usual Eihler-
Shimura onstrution: if  2  
1
(M), then
!
g
() =
Z
z
0
z
0
g(z)dz:
We may deompose !
g
into plus and minus parts !

g
aording to the ation of omplex
onjugation. Note that eah of the oyles Æ

g
and !

g
is an eigenvetor for the ation of the
full Heke algebra, sine the form g is so. In eah ase, the eigenvalue for T
q
is a
q
, when q
is prime to M , and the eigenvalue for U
q
oinides with the eigenvalue of U
q
on g. Thus we
nd that there exist omplex periods 


g
suh that



g
Æ

g
= !

g
: (19)
The numbers 


g
are the so-alled \anonial periods" for g (when they exist).
Now we return to the ellipti urve E. For eah admissible sign , we let 

denote a
generator of the Z-module H
1
(E;Z)


=
Z. Let !
E
denote a Neron dierential on E; then
we dene a Neron period for E by



E
=
Z


!
E
: (20)
We want to relate this Neron period on E to the anonial period of f by studying
the geometry of a modular parametrization X
1
(N) ! E. To do this we need to speify a
model of X
1
(N) over Q . For the present purpose, it is onvenient to use the onventions of
[DI95℄, Variant 9.3.6 (see also [Ste89℄, p. 80). Thus, X
1
(N)
Q
denotes the sheme lassifying
generalized ellipti urves A together with an embedding of group shemes 
N
,! A. With
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this onvention, the usp innity is rational over Q . Given a Q -isogeny lass A of ellipti
urves, we all E 2 A optimal if there exists a modular parametrization
 : X
1
(N)
Q
! E
suh that the following equivalent onditions are met:
1. The indued map on homology H
1
(X
1
(N);Z)! H
1
(E;Z) is surjetive.
2. The indued map J
1
(N)! E has onneted kernel, so that there is an exat sequene
of abelian varieties over Q :
0! A
i
! J
1
(N)

! E ! 0: (21)
3. There exists an embedding E ,! J
1
(N).
4. If E
0
2 A, then any morphism X
1
(N)! E
0
fators as X
1
(N)

! E ! E
0
.
In this ase, the map  is said to be an optimal parametrization. Thus the optimal urve E is
an analogue for X
1
(N)-parametrizations of the strong Weil urve arising from parametriza-
tions by X
0
(N). Note, however, that the strong Weil urve and the optimal urve are not
in general equal. The optimal urves were introdued and studied by Stevens [Ste89℄. Then
we have the following proposition:
Proposition (3.1) Assume that E is optimal in its isogeny lass, and that p is a prime of
either good ordinary or multipliative redution for E. Then the numbers 


E
and ( 2i)


f
are equal up to a fator whih is a p-adi unit.
The next several paragraphs are devoted to a proof of this assertion. The main ingredient
is a study of the \Manin onstant" assoiated to the optimal parametrization X
1
(N)! E,
espeially when p is a prime of multipliative redution for E. Let !
E
denote a Neron
dierential on the Neron model E
Z
. Then 

(!
E
) = 
1
f(q)dq=q, for a newform f on  
1
(N),
q = e
2iz
, and a quantity 
1
= 
1
() 2 Z (see [Ste89℄, Theorem 1.6). We want to prove
that 
1
is a p-adi unit, for all odd primes p of either good or multipliative redution. The
analogous result for optimal parametrizations by X
0
(N) is due to Mazur:
Theorem (3.2) ([Maz78℄, Cor. 4.1) Let E
0
be a strong Weil urve, and p an odd prime
of good or multipliative redution. Let 
0
: X
0
(N)! E
0
be the strong parametrization, and

0
the assoiated Manin onstant, dened by 

0
(!
E
) = 
0
f(q)dq=q. Then the number 
0
2 Z
is a p-adi unit.
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The proof of this theorem relies on the fat that the Jaobian J
0
(N) is a semi-abelian sheme
over Z
p
when N is divisible by preisely the rst power of p. Unfortunately, J
1
(N) is not
generally semi-abelian, and Mazur's arguments annot be transferred diretly when the level
N is divisible by p. Nevertheless, we an still oer the following result.
Proposition (3.3) Assume that N is divisible by at most the rst power of p. Then the
integers 
0
and 
1
are equal up to a unit fator in Z
p
. The integer 
1
is a p-adi unit.
Proof. In view of Mazur's theorem above, it suÆes to verify the rst assertion. Consider
the omposite
X
1
(N)
Q
! X
0
(N)
Q
! E
0
Q
(22)
where the rst map is the natural projetion indued by  
1
(N)   
0
(N), and the seond is
the strong parametrization. By denition of optimality, the map (22) fators as
X
1
(N)
Q
! E
Q
! E
0
Q
; (23)
where the rst map is optimal for X
1
. Observe now that, under the map (22), a Neron
dierential on E
0
over Z pulls bak on X
1
(N) to the modular form 
0
f(z)dz. This follows
from the denition of 
0
, together with the fat that the natural projetion of X
1
to X
0
indues the identity on q-expansions at innity.
On the other hand, we an ompute the pullbak of a Neron dierential on E
0
by using
(23) instead. The Manin onstant of the rst map is 
1
, as that map is optimal for X
1
. So
the proposition will follow if we an hek that a Neron dierential on E
0
Z
p
pulls bak to a
Neron dierential on E
Z
p
, for eah odd prime p of good or multipliative redution (here,
as elsewhere, the subsript Z
p
on an abelian variety over Q denotes the Neron model). To
hek this ondition on dierentials, it suÆes to show that E
Z
p
! E
0
Z
p
is etale. We will
only treat the ase of multipliative redution, as the ase of good redution is similar but
easier.
We start by studying the situation over the generi bre Q
p
. Consider the diagrams
gotten from (22) and (23) by replaing X
0
and X
1
by their respetive Jaobians J
0
and J
1
.
We get a ommutative diagram over Q :
E
0
! J
0
# #
E ! J
1
where the arrows of the square are indued by Piard funtoriality. The maps E
0
! J
0
and
E ! J
1
are both injetive, and the kernel of J
0
! J
1
is the so-alled Shimura subgroup.
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This is a nite at group sheme (still over Q
p
) whih is the Cartier dual of a onstant group
sheme. We see easily from this that the kernel G of the dual map E ! E
0
is onstant over
Q
p
. Observe that this dual map is preisely the morphism appearing in (23).
We may assume, using the Sylow theorems and the fat that multipliation by ` is nite
at and etale over Z
p
, that G is nontrivial and has p-power order. We have shown that G
is onstant over the generi bre, and it will suÆe to transfer the onstany from Q
p
to
Z
p
. Here we will use the fat that the Neron models of E
0
and E are both semi-abelian
shemes (sine the urves have multipliative redution). Beause of the semi-abelianness,
we nd that the kernel K
Z
p
of E
Z
p
! E
0
Z
p
is quasi-nite and at over Z
p
(see [BRL90℄, pages
177-178).
Now write G
Z
p
for the onstant nite at group sheme over Z
p
whose generi bre was
alled G above. Then by the Neron property there is a map G
Z
p
! E
Z
p
. Composing with
E
Z
p
! E
0
Z
p
, we nd that the map G
Z
p
! E
Z
p
! E
0
Z
p
is trivial along the generi bre, hene
trivial (everything in sight is at). We nd that G maps into the kernel K
Z
p
of E
Z
p
! E
0
Z
p
,
and that the isomorphism G = K holds over Q
p
.
Now, sine K
Z
p
is quasi-nite and at, and sine Z
p
is Henselian, we have a anonial
subgroup sheme FK
Z
p
 K
Z
p
, where FK
Z
p
is nite at, andK=FK is quasi-nite and etale,
and has trivial speial bre. Thus G
Z
p
sits inside the nite part of K
Z
p
. Sine (K=G)
Z
p
is
also quasi-nite and at, and has trivial generi bre, it follows that (K=G)
Z
p
is nite at
(the quasi-nite etale part has to be trivial on both bres, hene trivial). But G
Z
p
and K
Z
p
are equal along the generi bre, and must therefore have K = G. This shows that K is
nite at and onstant, and hene that E
Z
p
! E
0
Z
p
is etale, as laimed.
We an now omplete the proof of (3.1). Consider the integration map
H
1
(X
1
(N);Z
p
)

R
f(z)dz
    ! C :
The image H(f)

is a free Z
p
-module of rank 1, generated by the number 


f
. To verify this
last statement, note that sine a
1
(f) = 1, the form f is not divisible by p in the spae of
uspforms with integral oeÆients. Thus the oyle Æ

f
is not divisible by p in the integral
ohomology group, and there exists a homology lass  suh that Æ

f
takes on a p-adi unit
value when apped against . Sine !

f
= 


Æ

f
, it follows that H(f)

is generated by the
period 


. If E is optimal, we dene a free Z
p
-module H(E)

by integrating the Neron
dierential !
E
on yles in H
1
(E;Z
p
)

. Obviously H(E)

is generated by 


E
. Thus it
suÆes to show that (2i)H(f)

= H(E)

. But this is lear, in view of the adjointness
formula for the map  : X
1
(N)! E, the surjetivity of the map on homology, and the fat
that the onstant () is a p-adi unit. 
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Remark (3.4) If E does not admit any p-isogenies, so that E[p℄ is irreduible, then it is
lear that the Neron periods of any isogeneous urve dier from those of E by a p-adi unit.
Thus in this ase we obtain 


E
= 


f
, for any hoie of sign.
Remark (3.5) The proof of (3.1) also yields some information about the periods of 


E
when  is not admissible. Namely, it is lear from the proof that, in this ase, the oyle
Æ

f
= !

f
=


E
lies in the integral ohomology group H
1
par
( ;Z
p
), and that p does not divide
Æ

f
in H
1
par
( ;Z
p
).
As we have already remarked in the introdution, the ongruene formulae are satised only
by the nonprimitive p-adi L-funtions. It will therefore be useful later to have a omparison
between the periods of an nonprimitive form with those of the assoiated newform. The
neessary result is given below.
Lemma (3.6) Let f be a newform of level N =
P
a
n
q
n
, orresponding to the modular
ellipti urve E
Q
. Assume that E has ordinary redution at p, and let g =
P
b
n
q
n
be the
eigenform, of level M , obtaining from f by removing all Euler fators at primes q 6= p suh
that qjN . Then, if  is an admissible sign for E, the anonial periods 


f
and 


g
are equal
up to p-adi unit.
Proof. Sine f orresponds to an ellipti urve, we have a
n
2 Q , for all n. Then, by
onstrution of g, we have b
n
2 Q for all n. Now let B denote the abelian variety quotient
of J
1
(M) assoiated by Shimura to g in [Shi73℄. Note that the existene of this abelian
variety does not require that g be a newform, merely that it be an eigenvetor for all the
Heke operators. Sine g has rational Fourier oeÆients, it is lear that B is an ellipti
urve isogenous to E. Shimura has shown furthermore that if ! denotes a Neron dierential
on B, then the pullbak of ! to J
1
(M) under the natural quotient map J
1
(M) ! B is an
eigenvetor for the Heke algebra, with eigenvalues equal to those of the uspform g. For
all these results of Shimura, we refer the reader to [Shi73℄, Theorem 1, page 526. We may
assume that the kernel K of the quotient map is onneted. We ontend then that the
abelian variety K is stable under the ation of the Heke algebra. To see this, onsider the
exat sequene 0 ! K
j
! J
1
(M) ! B
^
! 0. Let t denote the endomorphism of J
1
(M)
indued by any Heke operator over Q . It suÆes to show that the omposite j
t
: K ! B
given by j
t
= j Æ t Æ ^ is trivial (we are viewing operators as ating on the right). Let
! denote a Neron dierential on B, and onsider the dierential form j

t
!. Then one has
(j Æ t Æ ^)

! = j

((t Æ ^)

!) = j

(t(g)^

!), sine ^

! is an eigenvetor for the Heke algebra,
with eigenvalues given by those of g. But now j

(t(g)^

!) = t(g) (j

^

!) = t(g) (j Æ ^)

! =
0. Thus j
t
indues the zero map on otangent spaes. Sine K is onneted, it follows that
j
t
= 0.
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We will show that the anonial periods of g oinide with the Neron periods of B. To
do this, it will be enough to show that the Manin onstant of the parametrization 
M
:
X
1
(M) ,! J
1
(M) ! B is a p-adi unit. First onsider the ase of good redution, that is,
the ase that (p;N) = (p;M) = 1. In this ase, one heks that the original argument of
Mazur from (3.2) an be modied without diÆulty. The only step in whih any property
of newforms was used was in verifying the stability of K under the Heke operators, and we
have heked this above. However, the ase of multipliative redution is more deliate. To
treat this ase, let   denote the group  
1
(M=p)\ 
0
(p), and let X denote the orresponding
modular urve. Then g is a Heke eigenform for  . Let C denote the ellipti urve quotient
of J = Ja(X), orresponding to g, onstruted as above. Let  : X ! C denote the
orresponding parametrization, so that if ! denotes a Neron dierential on C, then 

! =
  g(z)dz, for a nonzero  2 Z. Sine X has semistable redution at p (see [Wil95℄, page
485, or [MW84℄, Chapter 2), Mazur's argument in [Maz78℄ implies that  is a p-adi unit.
Indeed, Mazur's argument shows that 

! restrits to a nonzero dierential on X
F
p
. Now, if
pj, then the q-expansion of 

! must vanish on the omponent of X
F
p
ontaining the usp
1. But Wiles has shown (See [Wil95℄, Lemma 2.2, espeially the bottom paragraph on page
486, and reall that we are in the ordinary ase.) that any nonzero dierential on X
F
p
is
nonzero on the omponent ontaining 1.
1
This implies that  is a p-adi unit.
To sum up, we have shown that the anonial periods of the oldform g oinide with
the Neron periods of an ellipti urve B isogenous to the optimal urve E of level N . If
E[p℄ is irreduible as a Galois-module, then our lemma follows from Proposition (3.1), as E
does not admit any nontrivial p-isogenies. It remains therefore to treat the ase that E[p℄
is reduible. In this ase, we let E
min
denote the minimal urve in the isogeny lass A of
E and B onstruted by Stevens in [Ste89℄, setion 2. Stevens has shown that, if A 2 A,
there exists an etale isogeny ' : E
min
Z
! A
Z
. If  is an admissible sign, it follows from the
denitions that the kernel of ' has parity   for the ation of omplex onjugation. This
implies that the periods 


A
and 


E
min
oinide. Sine both E and B are members of A, the
assertion of the lemma follows. 
p-adi L-funtions
We want to give the denition of the p-adi L-funtion of a modular ellipti urve E,
together with its various twists. More generally, we will dene the p-adi L-funtion of a
weight-two modular form. These funtions were onstruted by Mazur, Tate, and Teitelbaum
in [MTT86℄. Thus let K be an abelian number eld. We assume that K is unramied at
1
In Mazur's original situation, the proof is onluded (page 142-143) by an appliation of the Atkin-
Lehner involution w, whih interhanges the two omponents. This is not appliable here, as g is an oldform,
and hene will not in general be an eigenform for w
M
.
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all primes dividing the level N , and tamely ramied at p. The urve E is assumed of ourse
to have ordinary redution at p. Put G = Gal (K=Q), and x a harater  of G. Write
  = Gal (K
1
=K) for the Galois group of the ylotomi Z
p
extension. We an and will
identify   with the Galois group of the ylotomi Z
p
-extension of Q . Let  denote a xed
topologial generator of  . Put O = Z
p
[℄ and  = O[[ ℄℄ = O[[T ℄℄. For a nite order
harater  :  ! C

, we dene  2 
p
1
by  = ().
Now let f =
P
a
n
q
n
denote a weight-two uspform for the group  
1
(N). We assume that
f is a simultaneous eigenform for all the Heke operators of level N , and that a
1
= 1. We
do not assume that f is a newform. With these notations, the -twisted p-adi L-funtion
of f is dened to be a power series
L (f; ; T ) 2 
 Q
p
satisfying the following interpolation property for every nontrivial harater  of  :
L (f; ;    1) = (
 1

 1
)  
p
(f)
 m

L(f; ; 1)
( 2i)


f
: (24)
Here (
 1

 1
) denotes the usual Gauss sum attahed to 
 1

 1
, and p
m
is the ondutor
of . The quantity 
p
(f) is the eigenvalue of U
p
on the p-stabilized newform assoiated to
f . The period 


f
is a nonzero omplex number, whih we regard as xed. The sign  is
determined by 1 = ( 1). This interpolation property haraterizes L (f; ; T ), by the
Weierstrass preparation theorem. If 
0
is any nite set of primes with p =2 
0
, then we dene
a nonprimitive L-funtion L

0
(f; ; T ), haraterized by the interpolation formula
L

0
(f; ;    1) = (
 1

 1
)  
p
(f)
 m

L

0
(f; ; 1)
( 2i)


f
; (25)
where the L

0
(f; ; s) denotes the omplex L-funtion of f , stripped of the Euler fators
at primes ontained in 
0
. The p-adi L-funtion of an ellipti urve is dened in a similar
manner. Namely, one takes the p-adi L-funtion of the orresponding modular form f , and
speies the period by replaing ( 2i)


f
with the Neron period 


E
. Thus the L-funtions
of isogenous ellipti urves will dier by a onstant.
Proposition (3.7) Assume either that E is optimal, or that E[p℄ is irreduible. Assume
that the harater  is unramied at all primes dividing N , and that  is tamely ramied at
p. Then the L-funtion L (E=Q ; ; T ) is integral, i.e., we have L (E=Q ; ; T ) 2 .
Proof. Let f denote the newform assoiated to E. We see from (3.1) and (3.5) above that
the numbers 


E
are suh that the oyle Æ

dened by 


E
Æ

= !

f
lies in the integral
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ohomology group H
1
( ;Z
p
) (see (19); we are not assuming that  is admissible). In view
of the hypotheses on , one an hek that, if  6= 1, then the values L (E; ;    1) are
given by the ap produt of the integral lass Æ

against an appropriate integral element in
the homology group H
1
(X
1
;Z[; ℄). This is well-known if the level N is prime to p (see
[Ste82℄, Remark 1.6.2). If p divides N , then N must be divisible by preisely the rst power
of p, as E has ordinary redution. In this ase a very similar argument to that of Stevens
already ited proves the required integrality, when  6= 1. We omit the details. It follows
that L (E; ;   1) is p-integral for all  6= 1;  2 
p
1
. The required result now follows from
the Weierstrass preparation theorem. 
It is widely believed that the p-adi L-funtion of an ellipti urve is always represented
by an integral power series. The defet in the foregoing proposition is that it gives no
information about non-optimal urves E admitting rational p-isogenies. However, we an
remedy this defet if E satises the hypotheses of theorem (1.3). Somewhat more generally,
we have
Corollary (3.8) Assume that E admits a yli p-isogeny with kernel , suh that  is
either unramied at p and odd, or ramied at p and even, as a Galois module. Then the
-twisted p-adi L-funtion of E is represented by an integral power series, for any even
harater . If E
opt
is the optimal urve in the isogeny lass of E, then the period 

+
E
oinides with 

+
E
opt
, up to p-adi unit.
Proof. It suÆes to verify the nal assertion. But this follows by exatly the same argument
as was used in the onlusion of the proof of Lemma (3.6). Namely, one shows that the
periods in question oinide with that of the minimal urve in the isogeny lass. 
Remark (3.9) The foregoing proposition and orollary may be reformulated as follows. We
want to show that the -twisted L-funtion of E is always represented by an integral power
series. What we have shown is that this is in fat the ase, exept possibly for non-optimal
urves E, and haraters  suh that the sign determined by ( 1) is not admissible for E.
It is easy to see that, even in this latter ase, the p-adi L-funtion will be integral if E ours
as a subvariety of the Jaobian of some modular urve of level N . This inludes for example
the strong Weil urve, whih in general will not be optimal. A omplete resolution of the
integrality question would follow from a onjeture of Stevens, [Ste89℄. Namely, it would
suÆe to know that, if E is any ellipti urve over Q , then there exists an etale isogeny
E
opt
Z
p
! E
Z
p
, for the optimal urve E
opt
isogenous to E.
Our next result is the analyti ingredient in the proof of (1.4).
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Theorem (3.10) Let E
1
and E
2
be ellipti urves of level N
1
and N
2
respetively, suh
that Galois modules E
1
[p℄ and E
2
[p℄ are irreduible and isomorphi. Assume that the E
i
have good ordinary or multipliative redution at p. Let 
0
be the set of primes q 6= p
suh that qjN
1
N
2
. Then there exists an element u 2 O

suh that we have the ongruene
L

0
(E
1
=Q ; ; T )  u  L

0
(E
2
=Q ; ; T ) (mod ), for every harater , where  is a
uniformizing element in O = Z
p
[℄.
Proof. LetM = l..m(N
1
; N
2
). Let f
1
=
P
a
n
q
n
and f
2
=
P
b
n
q
n
denote the modular forms
assoiated to E
1
and E
2
respetively. Then the hypothesis that E
1
[p℄

=
E
2
[p℄ implies that
we have the ongruene a
n
 b
n
(mod p), whenever (n;M) = 1. This is lear if (n;Mp) = 1,
and if n = p, then it follows from the results of [Wil88℄, as the urves E
i
are assumed to
be ordinary. Now let g
1
=
P
a
0
n
q
n
and g
2
=
P
b
0
n
q
n
denote the eigenforms obtained from
f
1
and f
2
respetively by dropping all primes in . Then we have a
0
n
 b
0
n
(mod p), for
all integers n. Theorem 1.10 of [Vat97℄ now yields a ongruene as in the theorem, but the
periods appearing will be the anonial periods attahed to g
1
and g
2
. The result follows
from Lemma (3.6). 
Now we want to prove a similar theorem relating the p-adi L-funtion for an ellipti
urve whih admits a Q -isogeny of degree p to the p-adi L-funtion of a ertain Eisenstein
series, or equivalently, to the produt of ertain Kubota-Leopoldt p-adi L-funtions. More
preisely, we want to prove the ongruene (12) stated in the introdution. Reall that
C = 
p
1

  
 1
and D = (Q
p
=Z
p
)
  , where  is an odd harater with values in Z

p
. (For
our appliation, we assume  is unramied at p.) Just as in theorem (3.10), we will prove a
more general result by allowing a twist by a Dirihlet harater . We will assume that  is
even. The p-adi L-funtion L (C; ; T ) 2  is haraterized by the interpolation property
L (C; ;    1) = L(C; ; 1) = L( 
 1
; 0) (26)
for every nontrivial harater  of   = Gal (Q
1
=Q). As before,  = () where  is a xed
topologial generator of  . L (C; ; T ) is related to the Kubota-Leopoldt p-adi L-funtion
L
p
(! 
 1
; s) by
L
p
(! 
 1
; s) = L (C; ; ()
 s
  1)
for all s 2 Z
p
. (Reall that () 2 1 + pZ
p
gives the ation of  on 
p
1
when we identify
  with Gal (Q(
p
1
)=Q(
p
)). Also, note that ! 
 1
= '.) The Ferrero-Washington theorem
asserts that L (C; ; T ) 62 p and the Mazur-Wiles theorem implies that the -invariant of
L (C; ; T ) is equal to orank
O
(S
C

(Q
1
)), whih we denoted by 
! 
 1
in setion 1. The
notation C 
  refers to the O-module C 

Z

O(), where G
Q
ats on the seond fator by
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. To obtain the nonprimitive p-adi L-funtion L

0
(C; ; T ), one multipliesL (C; ; T ) by
the l-th Euler fators 1    
 1
(l)(1 + T )
f
l
for eah l 2 
0
. Here f
l
2 Z
p
is determined by

l
= 
f
l
, where 
l
is the Frobenius automorphism for l in  . The value at T =    1 is the
l-th Euler fator 1    
 1
(l) in L( 
 1
; s) at s = 0. The -invariant of L

0
(C; ; T ) is

! 
 1
;
0
= 
';
0
.
The p-adi L-funtion L (D;; T ) 2  is haraterized by the interpolation property
L (D;;    1) = (
 1
 
 1

 1
)L(D;; 1)=2i
= (
 1
 
 1

 1
)L( ; 1)=2i (27)
=
1
2
L(
 1
 
 1

 1
; 0)
for every nonzero harater  of  , where p
m
is the ondutor of . The last equality
follows from the funtional equation. L (D;; T ) is related to the Kubota-Leopoldt p-adi
L-funtion L
p
(!
 1
 
 1
; s) by
L
p
(!
 1
 
 1
; s) =
1
2
L (D;; ()
s
  1)
for all s 2 Z
p
. The -invariant of L (D;; T ) is again zero and its -invariant is 
!
 1
 
 1
=

 
, whih is equal to orank
O
(S
D

(Q
1
)). To obtain L

0
(D;; T ), one multiplies by the
Euler fators 1   (l)l
 1
(1 + T )
f
l
for all l 2 
0
. The value at T =    1 is the l-th Euler
fator 1   (l)l
 1
in L( ; s) at s = 1. The -invariant of L

0
(D;; T ) is 
 ;
0
.
Suppose that ' and  are as before, namely the Z

p
-valued haraters orresponding to
the omposition fators  and 	 in the G
Q
-module E[p℄, assuming that E admits a Q -
isogeny of degree p. We assume that  is odd and unramied at p, or equivalently that
' is even and ramied at p. In this ase, the admissible sign is plus, and the anonial
period is the real period of E (up to multipliation by a p-adi unit). Let N denote the
level of E and let 
0
denote any set of primes ontaining all primes l 6= p dividing N , but
not inluding p. Dene G = b
n
q
n
to be the weight-two Eisenstein series determined by
b
n
n
 s
= L

0
( ; s)L

0
( 
 1
; s  1). Here the supersript 
0
indiates that we onsider the
non-primitive L-funtions obtained by omitting the Euler fators for all l 2 
0
.
For eah even Dirihlet harater  , we let L (G; ; T ) denote the p-adi L-funtion
(assoiated to G and ) haraterized by the interpolation property
L (G; ;    1) = (
 1
 
 1

 1
)L(G; ; 1)=2i
= (L

0
( 
 1
; 0))((
 1
 
 1

 1
)L

0
( ; 1)=2i)
for all nontrivial haraters  of  , where as before () = . Then we learly have
L (G; ; T ) = L

0
(C; ; T )L

0
(D;; T ): (28)
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The -invariant of L (G; ; T ) is zero beause that is true for eah fator in (28). Also, the
-invariant of L (G; ; T ) is equal to 
';
0
+ 
 ;
0
. The two terms are the O-oranks of
S

0
C

(Q
1
) and S

0
D

(Q
1
), respetively. Theorem (1.3) is a onsequene of the ongruene
in the following theorem. We just take  to be the trivial harater. We then obtain that

anal
E;
0
= 
';
0
+ 
 ;
0
whih is in turn equal to 
alg
E;
0
by (16). Thus 
alg
E;
0
= 
anal
E;
0
whih
by theorem (1.5) implies that 
alg
E
= 
anal
E
. The vanishing of 
anal
E
also follows from the
ongruene. (The vanishing of 
alg
E
was proved in setion 2 under the hypotheses of theorem
(1.3).)
Theorem (3.11) Let  be any even harater. Then we have ongruene
L

0
(E=Q ; ; T )  uL (G; ; T ) (mod );
where u is a unit in O.
Proof. Let f denote the uspform assoiated to E, and let g denote the form obtained by
removing all Euler fators at primes q 2 . Then both f and G are simultaneous eigenforms
at some ommon level M . Furthermore, if g =
P
a
n
q
n
, then we we have the ongruene
a
n
 b
n
(mod p) for every integer n. We ontend now that the onstant term of G at every
usp of X
1
(M) is divisible by p. Observe rst that the onstant term b
0
of G at innity
vanishes; this follows from the fat that L(s;G) is holomorphi ( 6= 1), and the well-known
haraterization of this onstant term as the residue of the L-funtion at s = 1. Thus the
modular form g G =
P
n1

n
q
n
is suh that pj
n
for all n. If (p;M) = 1, then our ontention
follows immediately from the q-expansion priniple. If (p;M) 6= 1, then M must be divisible
by preisely the rst power of p. In this ase one an argue as follows. The q-expansion
priniple ensures only that g  G vanishes on the omponent ontaining innity of X
1
(N)
k
,
where k is the residue eld of Z
p
[
N
℄, and 
N
= e
2i=N
is a primitiveN -th root of unity.
2
This
omponent ontains the images of the so-alled \innity usps," whih are those represented
by rational numbers of the form a=p
r
, with r  1 and a prime to p. It follows that the
Eisenstein series G has the property that its onstant term vanishes modulo p at the innity
usps. The assertion about the onstant terms now follows from Hida's determination of
the ordinary Eisenstein series ([Hid85℄, Thm. 5.8), sine g is obviously ordinary. We have
therefore heked all the hypotheses in Theorem (2.10) of [Vat97℄. Applying that theorem
gives the ongruene
L (g; ;    1)  L (G; ;    1) (mod );
for every  6= 1. Our theorem follows as before. 
2
Here we are using the onventions of [MW84℄, Ch. 2; note that the urve denoted there by X
1
(N)
Q
is
not the same as the one onsidered in 3. However, the two beome isomorphi over Q(
N
).
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Modular Forms with non-rational oeÆients
Finally, we want to briey disuss the situation for p-adi L-funtions assoiated to modular
forms whose Fourier oeÆients are not neessarily rational numbers. Muh of the theory
extends to this ontext, but there are some important dierenes, whih we will now desribe.
Thus let f =
P
a
n
q
n
denote a weight 2 eigenform on  
1
(N), with oeÆients in the p-adi
integer ring O. We write 
f
for the usual Galois representation G
Q
! GL
2
(O) attahed to
f , so that Tr (Frob(q)) = a
q
, for all primes q not dividing Np. We assume as usual that
N is divisible by at most the rst power of p, and that a
p
is a unit in O. We have seen in
the preeding setions how to dene a Selmer group Sel
f
(Q
1
) for 
f
, and how to dene a
p-adi L-funtion L (f; T ). Then the main onjeture states that Sel
f
(Q
1
) is -otorsion,
and has harateristi ideal generated by the power series L (f;T). We an dene Iwasawa
invariants 
alg
f
; 
anal
f
; 
alg
f
, and 
anal
f
as before, just as in the ase of ellipti urves. Our task
is, one again, to prove that 
anal
f
= 
alg
f
= 0, and that 
anal
f
= 
alg
f
. We emphasize here
that the denition of the p-adi L-funtion involves the hoie of a omplex period for f .
From the viewpoint of modular forms, the natural hoie is the anonial period of [Vat97℄.
However, the form f is assoiated to an abelian variety A, and one an also dene a period
in terms of the geometry of A (we will desribe this below) although the denition is not so
anonial as in the ase of ellipti urves. These denitions an be shown to be equivalent in
most ases; presumably the periods are equal in general, but we annot prove this at present.
Consider rst the analogue of Theorem (1.3). LetT denote the Heke ring for  
1
(N), with
oeÆients in O, and let m denote the maximal ideal determined by f , and let F denote the
residue eld of the ompletion T
m
. There is a semisimple representation 
m
: G
Q
! GL
2
(F)
satisfying Tr (Frob(q)) = T
q
, for any q with (Np; q) = 1. The analogue to the hypothesis of
Theorem (1.3) is that 
m
be reduible in the sense that there exist haraters ';  : G
Q
! F

,
suh that

m
= '  :
We would like to dene anonial periods for f , but unfortunately, this is not always possible.
We will therefore make the following assumption: the haraters ' and  are distint when
restrited to the deomposition group D
p
. Suh a representation is said to be p-distinguished
(see Theorem 2.1 in [Wil95℄, Chapter 2; also [Vat97℄, Theorem 2.7.) This ondition will
always be satised if, for instane, the level N is prime to p. With the assumption that 
m
is
p-distinguished, we single out the harater  by requiring that it be unramied, and that it
satisfy  (Frob(p)) = a
p
in F

. Let  =  be the hoie of sign determined by   ( 1) = 1.
Sine 
m
is assumed to be p-distinguished, Theorem 2.7 of [Vat97℄ implies that the anonial
period 


f
exists.
44
Let ~' and
~
 denote the Teihmuller lifts of ' and  to O

. There exists an Eisenstein
series G =
P
b
n
q
n
of level N suh that b
n
=
~
 (q) + q!
 1
(q) ~'(q), for all primes q with
(q; Np) = 1, and a
n
 b
n
(mod ) for all n > 0. Furthermore, we may assume that the
onstant term of G at every usp is divisible by the uniformizer  of O. (This is a standard
argument; see the proof of Theorem 3.3 in [Vat97℄, or the proof of Theorem (3.11) above.)
Let  be any Dirihlet harater with ondutor prime to N , and with ( 1) =   ( 1).
We may hoose O large enough to ontain the values of . Let 
0
denote any nite set of
primes, with p =2 
0
, and ontaining all other primes q 6= p dividing N . As in the proof of
Theorem (3.11), we obtain the following result:
Theorem (3.12) Assume that 
m
is p-distinguished. Then there exists an invertible power
series U

(T ) suh that the following ongruene holds:
L

0
(f; ; T )  U

(T ) L

0
('!
 1
; T ) L

0
(
 1
 
 1
; (1 + T )
 1
  1) (mod ):
Thus, the invariant 
anal
f
is trivial. The main onjeture is true for f .
Here the period appearing in L

0
(f; ; T ) is the anonial period 


g
attahed to the
eigenform g obtained from f by dropping all Euler fators in 
0
. It is possible to give a
geometri interpretation of this quantity as a period on a suitable abelian variety. To this,
one an proeed as follows. Without loss of generality, we may assume that f is a newform
of level N . Let A = A
f
denote the abelian variety quotient of J = J
1
(N) onstruted by
Shimura. We may assume that A is optimal in the sense that the map J ! A has onneted
kernel. Let R  C denote the Z-algebra generated by the Fourier oeÆients of f . Then R
is an order is a number eld, and there is an embedding of R into the endomorphism ring
of A. Working loally at p, it an be shown that the otangent spae Cot(J) = H
0
(X
1
;

1
)
is loally free over R
p
= R 
 Z
p
. Furthermore, eah of the spaes H
1
(J;Z
p
)

is also free
over R
p
. Let ! denote a generator for Cot(J) 
 Z
p
as an R
p
module, and let 

denote
a generator for H
1
(J;Z
p
)

. Then we an dene geometri periods 


A
by 


A
=
R


!. If
the representation 
m
is p-distinguished and if the abelian variety has good or semistable
redution at p, it an be shown that the periods 


A
= 


f
, for an admissible sign . We
note however that the abelian varieties that arise for forms on J
1
(N) need not have good or
multipliative redution when pjN , even if 
m
is p-distinguished.
There is also an analogue of Theorem (1.4) for forms with non-rational Fourier oeÆients.
To formulate this, onsider a pair of newforms f =
P
a
n
q
n
; g =
P
b
n
q
n
of level N and M
respetively. We assume that the ringO is suÆiently large to ontain the Fourier oeÆients
of f and g, and that both a
p
and b
p
are p-adi units. Suppose there exists a nite set of
primes 
0
, ontaining all primes q 6= p dividing NM , but not ontaining p, suh that a
n
 b
n
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(mod ) for all n indivisible by the primes in 
0
. There exists a unique representation
 : G
Q
:! GL
2
(O=O) satisfying Tr ((Frob(q)) = a
q
= b
q
in the residue eld O=O, for all
primes q =2 
0
. Then  is ordinary by a theorem of Wiles (see [Wil88℄, Theorem 2.1.4). Let
A and B denote the optimal abelian variety quotients of J
1
(N) and J
1
(M) assoiated by
Shimura to f and g respetively. By proeeding as above, we may dene geometri periods



A
and 


B
for A and B.
Let 
0
be a nite set of primes as before, ontaining all primes q 6= p dividing NM , but
not ontaining p. The results of setion 2 in [Vat97℄ now imply the following result.
Theorem (3.13) Let the hypotheses be as above. Assume in addition that the representation
 is irreduible and p-distinguished. Then we have the ongruene
L

0
(f; ; T )  L

0
(g; ; T ) (mod ):
If the abelian variety A has good or semistable redution at p, then the geometri periods of
A oinide with the anonial periods of f up-to p-adi unit. A similar statement holds for
B and g.
Combining this with the the Selmer group alulations of Setion 2 and the arguments
outlined in the introdution, we obtain the following result.
Corollary (3.14) Let the notation be as above. Assume that the representation  is p-
distinguished and irreduible. If the equalities 
alg
f
= 
anal
f
= 0 and 
alg
f
= 
anal
f
hold, then we
have the further equalities 
alg
g
= 
anal
g
= 0 and 
alg
g
= 
anal
g
. The main onjeture holds for
g.
Referenes
[BRL90℄ S. Bosh, M. Raynaud, and W. Lutkebohmert, Neron models, Ergebnisse der
Mathematik und ihre Grenzgebiete, 21, Springer-Verlag, 1990.
[Cre92℄ J. Cremona, Algorithms for ellipti urves, Cambridge University Press, 1992.
[DI95℄ F. Diamond and J. Im, Modular urves and modular forms, Seminar on Fermat's
last theorem, Toronto, 1993, C.M.S. Conferene Proeedings, Amer. Math. So.,
1995, 39{133.
[Gre77℄ R. Greenberg, On p-adi L-funtions and ylotomi elds II, Nagoya Math. Jour.
67 (1977), 139{158.
46
[Gre89℄ R. Greenberg, Iwasawa theory for p-adi representations, Adv. Stud. Pure Math.
17, Aademi Press, 1989, 97{137.
[Gre99℄ R. Greenberg, Iwasawa theory for ellipti urves, Leture Notes in Math. 1716,
Springer-Verlag, 1999, 53{144.
[Hid85℄ H. Hida, Galois representations into GL
2
(Z
p
[[X℄℄) attahed to ordinary usp forms,
Invent. Math. 85 (1985), 545{613.
[Kat℄ K. Kato, p-Adi Hodge theory and values of zeta funtions of modular urves,
preprint.
[Maz72℄ B. Mazur, Rational points of abelian varieties with values in towers of number
elds, Invent. Math. 18 (1972), 183{266.
[Maz77℄ B. Mazur, Modular urves and the Eisenstein ideal, Pub. Math. I.H.E.S. 47 (1977),
33{189.
[Maz78℄ B. Mazur, Rational isogenies of prime degree, Invent. Math. 44 (1978), 129{162.
[Maz79℄ B. Mazur, On the arithmeti of speial values of L-funtions, Invent. Math. 55
(1979), 207{240.
[MSD74℄ B. Mazur and H. Swinnerton-Dyer, Arithmeti of Weil urves, Invent. Math. 25
(1974), 1{61.
[MTT86℄ B. Mazur, J. Tate, and J. Teitelbaum, On p-adi analogues of the onjetures of
Birh and Swinnerton-Dyer, Invent. Math. 84 (1986), 1{48.
[MW84℄ B. Mazur and A. Wiles, Classelds of abelian extensions of Q, Invent. Math. 76
(1984), 179{330.
[Roh89℄ D. Rohrlih, Nonvanishing of L-funtions for GL
2
, Invent. Math. 97 (1989), 381{
403.
[Rub98℄ K. Rubin, Euler systems and modular ellipti urves, London Math. So. Leture
Note Series 259 (1998), 351{368.
[RS93℄ K. Rubin and A. Silverberg, Families of ellipti urves with onstant mod p repre-
sentations, Ellipti urves, modular forms, and Fermat's last theorem, Hong Kong,
International Press, 1995, 148{161.
47
[Sh98℄ A. Sholl, An introdution to Kato's Euler systems, London Math. So. Leture
Note Series 254 (1998), 379{460.
[Shi73℄ G. Shimura, On the fators of the jaobian variety of a modular funtion eld,
Jour. Math. So. Japan 25:3 (1973), 523{544.
[Ste82℄ G. Stevens, Arithmeti on modular urves, Progress. Math. 20, Birkhauser, 1982.
[Ste85℄ G. Stevens, The uspidal group and speial values of L-funtions, Trans. Amer.
Math. So. 291 (1985), 519{550.
[Ste89℄ G. Stevens, Stikelberger elements and modular parametrizations of ellipti urves,
Invent. Math. 98 (1989), 75{106.
[Vat97℄ V. Vatsal, Canonial periods and ongruenes formulae, Duke Math. J. 98 (1999),
397{419.
[Was78℄ L. Washington, The non-p part of the lass number in a ylotomi Z
p
-extension,
Invent. Math. 49 (1978), 87{97.
[Was80℄ L. Washington, Introdution to ylotomi elds, Graduate Texts in Math. 83,
Springer-Verlag, 1980.
[Wil88℄ A. Wiles, On ordinary -adi representations assoiated to modular forms, Invent.
Math. 94 (1988), 529{573.
[Wil95℄ A. Wiles, Modular ellipti urves and Fermat's last theorem, Ann. Math. 141
(1995), 443{551.
48
